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1 The Topology of R"

1 The Topology of R"

1.1 Sets and notation

As we start our adventure into the world of multivariate and vector calculus, we must rst ensure
that everybody is on the same page in terms of notation and basic set theory. While it is entirely
possible that the reader may already be passingly familiar with all of the following topics, one
could dedicate an entire course to exploring this subject, so it is worth meditating over, even if only
super cially. We will begin by reviewing sets and the fundamental operations on sets, then follow
this with functions between such sets.

1.1.1 Basic Set Theory

A set is any collection of distinct objects.! Some examples of sets might include

Universities in

the alphabet = fa;b;c;:::;x;y; z; Toronto

= fUofT; Ryerson Yorkg;

The Kardashian Sisters =f Kim ; Khloe; Kourtney g:

We use the symbol 2' (read as ’in') to talk about when an element is in a set; for example,
12f1;2;3g but « 2 f dog; catg.

Each of the previous examples werenite sets, as they consisted of only a nite humber of
elements. A set can also have in nitely many elements. In such instances, it is inconvenient to
write out every element of the set so we useet builder notation. Herein, if P is a proposition on
the set S, such that for eachx 2 S, P(x) is either true or false, then one can de ne the set

fx2 S:P(x)g

which consists of all the elements inS which make P true. For example, if M is the set of months
in the year, then

fm 2 M :m has 31 dayg = f January; March; May; July; August; October; Decemben:

This was an example where the resulting set was still nite, but it still demonstrates the compactness
of setbuilder notation.

The following are some important in nite sets that we will see throughout the course:
The naturals 2 N= f0;1;2;3;:::g,
The integers Z = f::;; 2, 1,0;1;2;::0,

The rationals Q= fp=q:p;q2 Z;q6 0;gcd(p;q =10,

1This is not true, since it is possible to de ne objects called classes but we will not worry about this too much in
this context

2Some mathematicians do not believe that 0 is a natural number. | am personally undecided, and always just
choose which version is more convenient.



1.1 Sets and notation 1 The Topology ofR"

The reals R (the set of all in nite decimal expansion).

We can also talk about subsets which are collections of items in a set and indicated with a ™'
sign. For example, ifP is the set of prime numbers, thenP  Z, since every element on the left (a
prime number) is also an element of the right (an integer). Alternatively, onehasN Z Q R.
There is a particular distinguished set, known as theempty setand denoted by ; , which contains
no elements. Recalling the de nition of a vacuous truth, it is not too hard to convince oneself that
empty set is a subset of every set!

Exercise: Determine the subset relations for the following sets:

1. S=fx2R:x=2n;n2 Zg, 3.U= x2Q:x= H£;gcdp;k)=1 ,

2. T= xXx2R:x=a %;8a2N, 4.V =1fx22Z:x=3";n2 Ng.

1.1.2 Operations on Sets

Union and Intersection Let S be a set and choose two setd;B S. We de ne the union of
A and B to be

A[B=fx2S:x2Aorx2Bg

and the intersection of A and B to be

A\ B=fx2S:x2Aandx2Bg:

Al B A\ B

Figure 1. Left: The union of two sets is the collection of all elements which are in both (though re-
member that elements of sets are distinct, so we do not permit duplicates). Right: The intersection
of two sets consists of all elements which are common to both sets.

Example 1.1

Determine the union and intersection of the following two sets:

A=fx2R:x> 1g; B=fx2R: 1<x< 29:
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Solution. By de nition, one has

A[B=fx2R:x2Aorx2Bg=fx2R:x>1or 1<x< 2g
=fx2R:x> 1g;

A\B=fx2R:x2Aandx2Bg=fx2R:x>land 1<x< 29
=fx2R:1<x< 29:

Let | N be an indexing set: Given a collection of setfAig,,, in S, one can take the
intersection or union over the entire collection, and this is often written as

\
Ai=fx2S:9 21;x 2 Aig; A =fx2S:8 21;x 2 Aig:
i21 i2l

Example 1.2

Consider the setfx 2 R : sin(x) > 0g. Write this set as as an in nite union of intervals.

Solution. We are well familiar with the fact that sin( x) > 0on (G, ), (2; 3 ),(4; 5 ), etc. If we
let the interval 1, =(2n; (2n+1) ) then the aforementioned intervals arelo; 11, and 1. We can
convince ourselves that that sinf) > 0 on any of thel,, and hence

fx2 R:sin(x) > 0g= [ Ih= [ 2n; (2n+1) ):
n2z n2z

Example 1.3

\
Dene l,= 0;1 R. Determinel = In.

'n
n2N

Solution. By de nition, | consists of the elements which are il for every n 2 N. We claim that
I cannot consist of any positive real number. Indeed, ifp > 0 then there existsn 2 N such that
% < p, which means thatp 21 for all k n, and hence cannot be in . Sincel has no positive real
numbers, and certainly cannot contain any non-positive real numbers, we conclude that = ;.

S T
Exercise: Letl, =( n;n) Rforn2 N. Determine both I, and | In.

Complement If A S then the complement of A with respect to S is all elements which are
not in A; that is,
A®=fx2S:x2Ag:
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AC

Figure 2: The complement of a setA with respect to S is the set of all elements which are inS
but notin A.

Example 1.4

S
Determine the complement ofl = | ,,(2n; (2n+1) ) from Example 1.2, with respect to
R.

Solution. Sincel contains all the open intervals of the form (2n; (2n+1) ) we expect its comple-
ment to contain everything else. Namely,

€= [ [2n 1);2n ]
n2z2

Exercise:
1. Show that (A[ B)®= A®\ B¢,
2. Show that (A\ B)®= A°[ B¢,

\
3. Verify that 1€ = (2n; (2n+1) )®is an equivalent solution for Example 1.1.2.
n2z

Cartesian Product The Cartesian product of two sets A and B is the collection of ordered
pairs, one fromA and one fromB; namely,

A B=f(ajb:a2A;b2Bg:

A geometric way (which does not generalize well) is to visualize the Cartesian product as sticking a
copy of B onto each element ofA, or vice-versa. For our purposes, the main example of the product
will be to de ne higher dimensional spaces. For example, we know that we can represent the plane
R? as an ordered pair of pointsR? = f(x;y) : X;y 2 Rg; while three dimensional space is an ordered
triple R = f(x;y;z):x;y;z 2 Rg. In this sense, we see thaR°= R R; R®= R R R;and
motivates the more general de nition of R" as an orderedn-tuple

R'=R_z_f

n-times

7



1 The Topology of R" 1.1 Sets and notation

Exercise: We have swept some things under the rug in de ningR", largely because the true
nature is technical and boring. There is no immediate reason to suspect thaR R R
should be well de ned: we rst need to check that the Cartesian product is associative; that
is, (R R) R=R (R R). By denition, the left-hand-side is

(R R) R=f(ajb;o):(a;H2R R;c2Rg
while the right-hand-side is

R (R R)=f(a(b;9):a2R;(b;902R Rg:

Syntactically, neither of these looks the same aRs = f(a;b;0 : a;b;c2 Rg, but nonetheless
they all de ne the same data.

Exercise: Let ST = (x;y):x2+y?=1 R? be the unit circle. What familiar shape is
st sl2?

1.1.3 Functions Between Sets

Given two setsA;B, a function f : A! B is a map which assigns to every point inA a unique
point of B. If a2 A, we usually denote the corresponding element 0B by f (a). When specifying
the function, one may write a 7! f (a). The set A is termed the domain, while B is termed the
codomain

It is important to note that not every element of B needs to be hit by f; that is, B is not
necessarily the range of . Rather, B represents the ambient space to which maps. Also, if either
of the domain or codomain changes the function itself changes. This is because the data of the
domain and codomain are intrinsic to the de nition of a function. For example, f : R! R given
by f (x) = x? is a di erent function than g:R! [0;1), g(x) = x2.

_[ De nition 1.5 |
Letf : A! B be a function.

1. If U A, then we de ne the image of U to be

f(U=fy2B:9x2 U;f(x)=yg=ff(x):x 2 Ug:

2. If V B, we de ne the pre-image of V to be

f (V)= fx2A:f(x)2Vg:

Note that despite being written as f 1(V), the preimage of a set does not say anything about
the existence of an inverse function.
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Example 1.6

Let f :R! R be specied byf(x)= x2. Determine f ([0;1]) and f (f ([0; 1]).

Solution. By de nition, one has
f([0;1]) = ff(x) : x 2 [0;1]g = [0; 1]:
On the other hand, sincef ([0; 1]) = [0; 1] we know that f (f ([0;1])) = f ([0; 1]) for which
f 1[0;1)=fx2R:f(x)2[0;1lg=[ 1;1k

,—| Example 1.7 :

Let f : R®! R? be given byf (x;y;z) = (x;y). If

S2= (xy;z)2 R :x2+y?+72=1 ;

determine f (S2).

Solution. Let (a;b;Q 2 S? so that @ + b? + ¢® = 1. The image of this point under f is f (a;b;d =
(a;b). It must be the case that a?+ ¥ 1, and sof (S?) D?= (x;y)2R2:x2+y? 1 .We
claim that this is actually an equality; that is, f(S?) = D?2. In general, to show that two sets A
and B are equal, we need to shovA B andB A. As we have already shown thatf (S?) D?,
we must now show thatD?  f (S?).

Let (a;b) 2 D?sothata’?+ ¥ 1. Letc= P 1 a2 2, which is well-de ned by hypothesis.
Then a®?+ P+ 2 =1 so that (a;b;9 2 S?, and f (a;b;9 = (a;b). Thus f (S?) = D2

Exercise: Let f : R®! R? be the function given in Example 1.7. Determinef %(D?).

We conclude this section by mentioning three important classes of function:

9
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_[ Denition 1.8 |
Letf : A! B be a function. We say that

1. f isinjective if wheneverf (x) = f (y) then x = vy,

2. f is surjective if for every y 2 B there exists anx 2 A such that f (x) = vy,

3. f is bijective if f is both injective and surjective.

Notice that the choice of domain and codomain are exceptionally important determining whether
a function is injective or surjective. For example, the functionf : R! R given by f (x) = x? is
not surjective (it misses the negative real numbers), while the functionf : R! [0;1 ) is surjective
(there are no negative real numbers to miss).

,—| Example 1.9 :

Determine whether the following functions are injective, surjective, or bijective.

1. f :R%1 R? f(xy;2)=(xy),
2. g:R?! R? g(x;y)=(€5;(x2+1)y),
3. h:R?! R? h(xy)=(y;X).

Solution.

1. The function f is certainly not injective, since f (x;y;a) = ( x;y) = f (x;y; b) for any a and b.
On the other hand, it is surjective, since if (xo; yo) 2 R? then f (Xo;Yo; 0) = ( Xo; Yo).

2. The function g is injective: to see this, note that if g(as; by) = g(az; bp) then (e (a2+1) by) =
(€?2; (a3+1) bp) which can only happen ife?t = €?2. Since the exponential function is injective,
a; = ap. This in turn implies that ( af + 1) = ( a3 + 1) and neither can be zero, so dividing
the second component we geb, = by, as required. On the other hand,g is not surjective. For
example, there is no point which maps to (Q0).

3. This function is both injective and surjective. Both are left as simple exercises. We conclude
that h is bijective.

1.2 Structures on R"
1.2.1 The Vector Space Structure

Any student familiar with linear algebra knows that R" admits a vector space structure: one can
add vectors in R" and multiply by scalars. For those uninitiated, we brie y review the subject
here.

10



1.2 Structures onR" 1 The Topology of R"

Very roughly, a real vector space is any set in which two elements may be added to get another
element of the set, as well as multiplied by a real number. Additionally, there must be an element
0 such that summing against zero does nothing. The full collection of axioms that de ne a vector
space are too many to write down and are the topic of a linear algebra course, so refer the student
to their favourite textbook.

The elements of the set are calledrectors, while the real number multiples are calledscalars
For notation sake, we will denote vectors by bold fontx and scalars by non-bold font.

pointwise fashion

0O 1 0 1 o0 1 0O 1 0 1
X1 Y1 X1+ Y1 X1 CX1
%}M% %ﬁ% %XZ + Y2§ %}ME %CX2§
LCF RGOS : , ch . G = R
Xn Yn Xnt Yn Xn CXn
The zero vector is, unsurprisingly, the n-tuple consisting entirely of zeroes:0 = (0;:::;0). See

Figure 3 for a visualization of vector addition and scalar multiplication.

The diligent student might notice that | have been sloppy in writing vectors: there is a technical
but subtle di erence between vectors written horizontally and those written vertically. Once again,
we will not be terribly concerned with the distinction in this course, so we will use whichever
convention is simplest. In the event that the distinction is necessary, we will mention that point
explicitly at the time.

, 2v1=(2;2)

RZ

oo v+ Vv2=(3:0)
o~

‘ =@ 1)
Figure 3: One may think of a vector as either representing a point in the plane (represented by
the black dots) or as direction with magnitude (represented by the red arrows). The blue arrows

correspond to the sumvy + v, and the scalar multiple 2v1. Notice that both are simply computed
pointwise.

1.2.2 Of Lengths and Such

There are three intimately related structures which we will now impose onR, which are the notion
of an inner product, a norm, and a metric. The rst is that of an inner product. While there

11



1 The Topology of R" 1.2 Structures onR"

are many di erent kinds of inner products, the one with which we will be most concerned is the

xn
K yi = X y:=  Xj¥i= Xiy1+ Xay2+  + XpYn:
i=1

Geometrically, the dot product x vy is the length of the projection of x onto the unit vector in the
y direction, or vice versa. More precisely, ify 2 R" then ¢ = ﬁ iS a unit vector that points in
the same direction asy, and
hx;yi
ky k

hx;yi
g= )
ky k

is the projection of x into ¢. If hv;wi =0, we say that v and w are orthogonal, which we recognize
will happen precisely whenx and y are perpendicular.

X

Nf\<

Xy

ky k

Figure 4: The inner product of x and y, written x vy is the length of the projection of the vector
X ontoy.

Example 1.10 )

If v=(; 1,2) andw =(2;0;4) are vectors in R3, determine hv:wi.

Solution. We need only apply the de nition to nd that

hv,wi = viwi+ vowo + vawz=(1 2)+( 1 0)+(2 4)=10:

Proposition 1.11

The inner product satis es the following properties: Let x;y;z2 R" andc2 R,
1. Symmetry: hx;yi = hy;xi,
2. Non-negative: Ix;xi 0 and is equal to zero if and only ifx =0,

3. Linearity: hcx + y;zi = chx;zi + hy;zi.

These properties are straightforward to verify and are left as an exercise for the student.

12



1.2 Structures onR" 1 The Topology of R"

The next structure is called a norm, and prescribes a way of measuring the length of a vector.
Our motivation comes from the one-dimensional case, where we know that the absolute value j
is used to measure distance. As such, we de nkk : R" ! R as the function

pP—
kxk := " hx;xi = x2 = X2+ x5+ +xZ

First, we recognize that this generalizes the Pythagorean Theorem irR?, since ifx = (x;y) then
the vector x looks Jike the hypotenuse of a triangle with side lengthsx and y. The length of the
hypotenuse is just x2+ y2 = kxk (See Figure 5).

Figure 5: In R?, the length of a vector can be derived from the Pythagorean theorem. The norm
k k generalizes this notion to multiple dimensions.

Exercise: Let x = (x;y;z) 2 R3. Determine the length of this vector using the Pythagorean
theorem and con rm that one gets the same value akxk.

,-| Example 1.12 }

If v =(6;8;5), compute kvk.

Solution. We again just apply the de nition to get
O — _ _
kvk=62+82+52= I0125=5p5:

A very important relationship between the inner product and the norm of v is the Cauchy-
Schwarz inequality.

Proposition 1.13
If x;y 2 R" then
jhx;yij k xkkyk:

This proof is not terribly enlightening, nor is it very intuitive. The student may refer to the
textbook for a proof.

13



1 The Topology of R" 1.2 Structures onR"

Example 1.14 )

Letv=(1; 1,2)andw =(2;0;4) as in Example 1.10. Computekvk and kwk and con rm
that the Cauchy-Schwarz inequality holds.

Solution. We already saw that hv; wi = 10. Computing the norms one gets

kvk = IO6; kwk = pﬁ)

so that kvkkwk = P 120 which is greater than 10 _P 100.

Proposition 1.15

Let x;y 2 R" and c2 R. The norm k k satis es the following properties:
1. Non-degeneracy: kxk O with equality if and only if x =0,
2. Normality:  kexk = jcjkxk,

3. Triangle Inequality: kx + yk k xk+ kyk.

Proof. The rst two properties follow immediately from properties of the inner product and are
left as an exercise for the student. We resolve thus to prove the Triangle Inequality. Here one has

X+ y;x+yi = xi+2mX;yi+ hy;yi
h x;xi + 2kxkkyk + hy;yi by Cauchy-Schwarz
= (kxk + kyk)?:

By taking the square root of both sides, we get the desired result. O

The triangle inequality is so named because it relates the sides of a triangle. Indeedpify 2 R"
and we form the triangle whose vertices are the pointx;y and (x + y), then the length of x + y
will be less than the sum of the other two side angles. Equality will occur precisely wherx = cy
for somec 2 R.

Finally, one has ametric, which is a method for determining the distance between two vectors.

xXo ' p
d(x;y)= kx yk= i V)2 = (x1 Y2+  +(Xn Yyn)Z
i=1

In R?, this exactly agrees with the usual distance formula.

14
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Proposition 1.16
Let x;y;z 2 RS.
1. Symmetry: d(x;y) = d(y;Xx)
2. Non-degeneracy: d(x;y) 0 with equality if and only if x =y,
3. Triangle Inequality: d(x;z) d(x;y)+ d(y;z).
All of these properties follow immediately from the properties of the norm and are left as an

exercise for the student. We will often omit the d(x;y) notation as some students may nd it
confusion, though this is typically how metrics are denoted in more abstract courses.

1.2.3 Cross product

In R3, the cross product of two vectors is a way of determining a third vector which is orthogonal
to the original two. It is de ned as follows: If v =(vy;Vvs2;v3) and w = (wq; wy;ws) then

V. W =(VaWz  WoV3; WiV  ViW3;ViW2  W1Vp):

This is rather terrible to remember though, so if the student is familiar with determinants, it can

be written as 0 1
¢ K
v w=det @y v, v;A:
W1 W2 W3

Here {! ! K represent the standard unit vectors inR3, so that (a;b; 9 = af+ b+ ck.

Xy

N
7

Figure 6: The cross product of two vectorsx v.

Example 1.17 J

If v=(1;0;1) andw =(1;2;3), determinev  w.

Solution. Using our de nition, one has

0 1
¢k

(1;0;1) (1;23)=det@1 0 1A=( 2 22
12 3

15



1 The Topology of R" 1.3 Open, Closed, and Everything in Between

As we mentioned, this new vector should be orthogonal to the other two. Computing the dot
products, we have

hv;v. wi=(1;01) ( 25 22)= 2+2=0

hw;v wi=(1;23) ( 2, 22)= 2 4+6=0

Exercise:
1. Showthaty w= w V.

2. Show thathv;v  wi =0 in general.

3. Show thatif w = v forsome 2 R,thenv w =0. Conclude that the cross product
of two vectors in R3 is non-zero if and only if the vectors are linearly independent.

1.3 Open, Closed, and Everything in Between

The goal of the next several sections is to discuss the notion abpology, which is the coarse grained
geometry and structure of a space. In single variable calculus, one was exposed to the notions of
open intervals (a; b), closed intervals f; b, and the knowledge that some intervals are neither open
nor closed. What motivates the nomenclature for these sets? Intuitively, the idea seems to be that
the set (a; b) does not contain its endpointsa and b: it contains points which are arbitrarily close,
but not those two speci c points. A closed interval does contain its endpoints, it is closed o .
Our goal is to extend this notion to R", where the addition of dimensions signi cantly complicates
our picture. However, we can at least start somewhere nice, by de ning the generalization of an
interval:

De nition 1.18 |
Let x 2 R" and r > 0 a real number. We de ne the open ball of radiusr at the point x as

B/(x):=fy2R":kx yk<rg:

Recalling that kx  yk is equivalent to the distance betweenx and y, the open ball B, (x) is
nothing more than the collection of points which are a distance at mostr from x. This indeed
generalizes the interval, since inR! we have

Bi(x)=fy2R:jx yj<rg=(x nrx+r);

or if we centre around 0,B,(0) =( r;r). In R we get a disk of radiusr,
n p 0]
B/(0)= (Xxy)2R?: x2+y2 r ;

which we recognize as being the same a& + y?> r2.

De nition 1.19 |
AsetS R"is bounded if there exists anr > 0 such thatS B, (0).

16
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Br(x)

Figure 7: The open ball of radiusr centred at x consists of all points which are a distance from
X.

One hopes that this is fairly intuitive: A set is bounded if we can put a ball around it. If
we can place a ball around the set, it cannot grow arbitrarily large. For example, the setS =
(x;y) 2 R2:xy > 0 consists of the rst and third quadrants of the plane. Since both x and
y can become arbitrarily large is absolute value, no ball centred at the origin entirely contains
S. On the other hand, C = (x;y)2 R?:(x a)?+(y b? r? is boundedfor any choice of
a;b;c2 R.

Exercise: For an arbitrary choice of a;b;r 2 R, determine the open ball that boundsC as

de ned above.

These balls will be our way of \looking around" a point; namely, if we know something B, (x)
then we know what is happening within a distancer of the point x. We can use these open balls
to de ne di erent types of points of interest:

_[ De nition 1.20 |
Let S R" be an arbitrary set.

1. We say that x 2 R" is an interior point of S if there exists anr > 0 such that
Br(x) S; thatis, x is an interior point if we can enclose it in an open ball which is
entirely contained in S.

2. We say that x 2 R" is a boundary point of S if for every r > 0, B;(x)\ S 6 ; and
B,(x)\ S°6 ;;thatis, x is a boundary point if no matter what ball we place around
X, that ball lives both inside and outside of S.

If Sis a set, we de ne theinterior of S, denoted S™ to be the collection of interior points of
S. We de ne the boundary of S, denoted @ $to be the collection of boundary points of S.

We should take a moment and think about these de nitions, and why they make sense. Let us
start with a boundary point. Intuitively, a boundary point is any point which occurs at the very
fringe of the set; that is, if | push a little further 1 will leave the set. An interior point should be
a point inside of S, such that if I move in any direction a su ciently small distance, | stay within
the set. This is exactly what De nition 1.20 is conveying. By de nition, if X is an interior point
then we must have that x 2 S; however, boundary pointsdo not need to be in the set. We start

17
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Figure 8: The point b is a boundary point. No matter what size ball we place aroundb, that ball
will intersect both S and S°. On the other hand, p is an interior point, since we can place a ball
around it which lives entirely within S.

with a silly example:

Example 1.21 )

Let S=( 1;1]. What are the interior points and the boundary points of S?

Solution. We claim that any point in ( 1;1) is an interior point. To see that this is the case, let
p2 ( 1;1) be an arbitrary point. We need to place a ball around p which lives entirely within
( 1;1). To do this, assume without loss of generality thatp 0. If p =0 then we can setr = %
and B1-»(0) = ( 1=2;1=2) ( 1;1). Thus assume thatp 6 0 and let r = % which represents

half the distance from p to 1.

We claim that B;(p) ( 1;1). Indeed, letx 2 B;(p) be any point, so that jx pj <r by
de nition. Then

Xi=jx p+p jx p+p
_ p
r+p= > +p
_1+p
= 5 <1

where in the last inequality we have used the fact thatp< 1so1+p< 2. Thusx 2 ( 1;1), and
sincex was arbitrary, B;(p) ( 1;1).

The boundary points are 1, where we note that even though 12 ( 1;1], itis still a boundary
point. To see that +1 is a boundary point, let r > 0 be arbitrary, so that B,(p)=(1 r1+r).
We then have

Bi(p\ ( L1]=(1 nr1]6;; Bi(p\( L1)F°=(1;1+r)6;;

as required. The proof for 1 is analogous and left as an exercise.

18
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Example 1.22 )

What is the boundary of Q in R?

Solution. We claim that @ = R. Since both the irrationals and rationals are dense in the real
numbers, we know that every non-empty open interval inR contains both a rational and irrational

number. Thus let x 2 R be any real number, andr > 0 be arbitrary. The set B,(x) is an open
interval around x, and contains a rational number, showing thatB,(x)\ Q 6 ;. Similarly, B (x)

contains an irrational number, showing that B, (x)\ Q®6 ;, sox 2 @D. Sincex was arbitrary, we

conclude that @ = R.

Exercise: Show that it is impossible for a boundary point to also be an interior point, and
vice-versa.

_[ De nition 1.23 |

AsetS R" is said to beopen if every point of S is an interior point; that is, S is open if
for every x 2 S there exists anr > 0 such that B,(x) S. The setS is closedif S° is open.

,—| Example 1.24 }

ThesetS= (x;y)2 R?:y> 0 is open.

Solution. We need to show that around every point inS we can place an open ball that remains
entirely within S. Choose a pointp = (px;py) 2 S, so that py > 0, and letr = py=2. Consider the
ball B;(p), which we claim lives entirely within S. To see that this is the case, choose any other

point q = (a; o) 2 Br(p). Now
joy pyi kq pk<r=%

which implies that g, > py % = %y > 0. Sinceq, > 0 this shows thatq 2 S, and sinceq was
arbitrary, B;(p) S as required.

Figure 9: The upper half plane is open. For any point, look at itsy-coordinate p, and use the ball
of radius py=2.
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Example 1.25 )

Every open ball is open.

Solution. One certainly hopes that this result is true, otherwise the name would by quite the
misnomer. To show this, letx 2 R" and r > 0 both be arbitrary, and consider S = B, (x). We
need to show that every point in S can in turn be enclosed with a smaller ball which lives entirely
within S. Choose someg 2 S and let d= kx pk so that d <r be de nition.

We claim that the ball of radius r%= (r d)=2> 0 will work. To see this, choose an arbitrary
y 2 Byo(p) so that kp  yk <r 2 One has that

kx yk kx pk+kp vyk triangle inequality
g+ %= g+ " d_r+d
2
Z?r <r sinced <r

Sincey was arbitrary, B;o(p) B\ (X) as required.

Figure 10: A visualization of the solution to Example 1.25.

Proposition 1.26
AsetS R"is closed if and only if @S S.

Proof. [) ] Assume that S is closed, and for the sake of contradiction assume tha@S* S. Choose
an elementx 2 @Swhich is not in S, so that x 2 S®. Now sinceS is closed,S° is open, so we can
ndan > OsuchthatB (x) S However, this is a contradiction: sincex 2 @ Shen every open
ball must intersect both S and S€, and this shows that B (x) is an open ball aroundx which fails

to intersect S. We thus conclude@S S as required.

[( ] We will proceed by contrapositive, and show that if S is not closed, then@S6 S. If S'is
not closed, then S¢ is not open, and hence there is some point 2 S°¢ such that for everyr > 0,
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B (x)\ S6 ;. Certainly B;(x)\ S®6 ; (since both sets containx) and hencex 2 @S Thus x is
apointin @S S¢ andso@$5 S. O

Just as in the case of intervals inR, it is possible for a set to be neither open nor closed. A
previous exercise showed that a point in a set cannot be both a boundary point and an interior
point, so failing to be open somehow amounts to containing some of your boundary points. If you
have all of your boundary points, Proposition 1.26 shows that you are actually closed. Thus sets
which fail to be both open or closed contain some of their boundary points, but not all of them.
By adding all the boundary points, we can \close o " a set.

_[ De nition 1.27 1
If S R" then the closure ofS is the setS= S[ @S

Exercise:
1. Show that S is always a closed set.

2. Show that S is closed if and only ifS = S.

3. Show that S is the smallest closed set containingS.

The closure of an interval (a; b) is the closed interval [a; . The student should check that the
closure of the open ball inR" is

Bi(x)=fy2R":kx yk rg

where we note that the inequality need no longer be strict. Similarly, the closure of the open half
plane in Example 1.24 is the closed half plane

f(y)2R2:y>0g= (xy)2R?:y O :

1.4 Sequences and Completeness

The student is already passingly familiar with the notion of sequences irR. We will quickly review
the pertinent points before introducing sequences irR".

1.4.1 Sequencesin R

The rough idea of a sequence is that it resembles an ordered collection of real numbers. We can
make this more formal by writing a sequence as a max : N! R, so that x(n) is a real number.
For example, the sequence(n) = n? is such that

x(1)=1; x(2)=4; x(8=9; x(@)=16; x(5)=25;::::

For brevity of notation, one often writes x, instead of x(n), so that for example, x4 = 16. In
addition to this, we often choose to con ate the function x itself with its (ordered) image in R, in
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1 The Topology of R" 1.4 Sequences and Completeness

which case we write the sequence axf)i_,. When we are feeling particularly lazy, we will even
drop the indexing and just write (Xp).

A subsequence is a method for extracting elements from a sequence, while keeping them in the
same order de ned by the original sequence. In particular, given a sequence : N! R and an
increasing map n : N ! N, a subsequence is the sequence formed by the compositiaiin(k)),
which we often write asxn,. For example, if x, = n? as above andn(k) = 2k, then

Xn, = X2=4; Xp, = X4=16; Xp; = Xe=36; Xp, = Xg= 64,
This is the subsequence which picks out every other member of the original sequence:

1 4 9 16 25 36 49 64 81 100

X1 X2 X3 X4 X5 X6 X7 Xg X9 X10
[ ) [ ) [} [ ] [ ) [ ) [} [ ) [ ) [ ]

Xn, Xn, Xns Xny Xns
° [ ] ° L °

Figure 11: The subsequence,, picks out every other number from the sequence, and de nes a
new sequence.

_[ De nition 1.28 |
Let (xn)%:l be a sequence iR. We say that

1. (Xp) is boundedif there exists anM > 0 such that jx,j M for everyn 2 N,

2. (Xp) is increasing if xp+1 > X, for every n 2 N. Similarly, (xn) is decreasing if
Xn+1 <Xp for everyn 2 N.

,—| Example 1.29 }

Determine whether the sequence is increasing/decreasing or bounded:

1. xn = &,
2.yn=( 1)"
3.z,=2".
Solution. 1. The sequencex, = % is bounded and decreasing. Setting = 1 we have jx,j =

1

n
is decreasing as required.

1sincen 1. In addition, it is well known that Xn+1 = 3 < 1 = x;, so the sequence

2. This sequence just oscillates between the numbers 1, so it is certainly bounded (choose
M = 1). On the other hand, it is neither increasing nor decreasing, sincey,, > yon+1 but

alsoyan+2 >Yon+1.

3. This sequence is increasing, sincen+; = 2n+*l = 27, > z,. However, the sequence is
unbounded.
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We can talk about when such sequences converge, in a manner similar to horizontal asymptotes
of functions:

De nition 1.30 |

If (xn)ﬁ:1 is a sequence iR, we say that (x,,) converges with limitL, written as (xp) nt L,
if for every > 0O there exists anN 2 N such that whenevern >N , jx, Lj<

This de nition says that by progressing su ciently far into the sequence, we can ensure that
the x, get arbitrarily close to L.

Example 1.31

If x, = %, show that (xn) ! O.

Solution. Let > 0 be given, and choose atN 2 N such that Ni < . lfn>N then

. . 1
Xn Q= <ﬁ<

S|

which is what we wanted to show.

It seems intuitive to expect that the limit of a sequence should be unique, so that we may talk
about the limit of the sequence. We demonstrate this with the following proposition:

Proposition 1.32

If (xn)ﬁ:1 is a sequence irR such that (x,) ! x and (x,)! Yy then x = y; that is, limits of
convergent sequences are unique.

Proof. It is su cient to show that for every > 0 we havejx yj< . Indeed, this will show that
jX yj cannot be positive, and so must necessarily be zero, from which it will follow thatx = vy.

Let > O be arbitrary. As (xn) ! X there existsN; 2 N such that jx,  Xj < 5. By the same
token, there existsN2 2 N such that jxn  yj < 5. Let N =max fN1;Nzgand xany n> N, so
that

+ 0

KOV X xaitixe yi o5t 5=

Our profound laziness as mathematicians means that if we can avoid doing more work, we will.
We can use the following proposition, akin to the limit laws for functions, to infer convergence of
sequences and their limits.
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Theorem 1.33: Limit Laws for Sequences

Let (a,)! L and (b,)! M be convergent sequences.
1. The sequenced, + b,) is convergent and @, + b,)! L+ M,
2. The sequence 4, b,) is convergent and @,b,)! LM,
3. Forany 2 R the sequence @ ) convergesand @,)! L,

4. If M 6 0 then the sequence &,=l,) converges and §,=h,)! L=M.

Proof. The proof of these are almost identical to those of the limit laws for functions. We will
prove (1) and leave the remainder as a (non-trivial) exercise:

Assume that (a,) ! L and (b,)! M. Let > 0 be given and chooséM ;M2 2 N such that if
k Mithenja, Lj< sandifk Mzthenjb, Mj< 5. Let M =maxfMi; Mg, so that if
k M then

jan+ b (L*+M)jjan Li+jm Mj< 5+ 5= =qedhere

O]

There is also a version of the Squeeze Theorem for sequences, again proven in almost an identical
fashion:

Theorem 1.34: Squeeze Theorem for Sequences
Let (an); (by); and (c,) be sequences iR, and assume that for su ciently large k we have
an, b, cy.If(ap)! Land(c,)! L,then (b,) is also convergent with limit L.

We know from our previous experience that every convergent sequence is bounded (prove it
yourself!). A partial converse is the following:

Theorem 1.35: Monotone Convergence Theorem

If (ay) is bounded from above and non-decreasing, thenag) is convergent with its limit
given by supfa, : n 2 Ng.

Proof. Let L =sup, an, which we know exists by the completeness axiom. Let> 0 be given. By
de nition of the supremum, we know that there exists someM 2 N such that

L <awm L:
Since (@) is non-decreasing, we have that for alk M
L <ay <ax L<L + ;

thatis, jan Lj< . Hence @,)! L as required. O
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A similar argument shows that the theorem also holds if @) is bounded and non-increasing.

Example 1.36

Determine whether the sequence, = %—n, is convergent.

Solution. A quick computation shows that

an+]_ _ 2I’1+1 n! 2

an  (n+LI 2 n+1’

so that if n 2 we havean+1 < a, and the sequence is decreasing. It is easy to see tha}, is
always positive, hence bounded below by 0. By the Monotone Convergence Theorem we know that
(an) converges.

Proposition 1.37

If (xn)ﬁ:1 I x is a convergent sequence, then every subsequenocg,() is also convergent
with the same limit.

Proof. Let (xn,) be any subsequence and note thaty, Kk for all k (prove this). Let > 0 be
given. Since kn) ! x there existsN 2 N such that if n >N then jx, xj< . This N will also
work for (xn, ), since ifk >N then ng >ny >N, implying that jx, — Xj< . O

1.4.2 Sequences in R™

With our rapid review of sequences inR, we can now begin considering sequences R™. A
sequencein R™ is any function x : N! R™. Just like before, we will often write such as sequences
asxn := x(n). For example, the mapx(n) = (n;n? 1) is a sequence irR? whose rst few elements
are given by

X1=(1;0); x2=(2:;3); x3=(3:;8); x4=(4,15); xs5=(5;24),

If n:N! N then one can de ne a subsequence by(k(n)) = xg,. For example, if n(k) =3k 1,
then

Xk, = (2:3); Xk, = (5;24); Xk, =(8;63); X, = (11;120)
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Remark 1.38 Let (x,) be a sequence irR™, and write x, = (x};:::;xM) 2 R™. By
picking out the components, we can de nem sequences irR by xK nep - I (xn‘)\l=1 is a

subsequence, this de nes subsequencexﬁ()‘l:1 (we are running out of letters!). However,
notice that the converse is certainly not true: One cannot take subsequences of eackK)
and stitch them back together to get a subsequence ofx(). For example, consider the

sequencex, = (n; n)in R2. This de nes two sequences irR, one byx, = nandy, = n.
Let's take the subsequence of X,) consisting of even indices, so thatx,, = 2n, and the
subsequence oy, consisting of odd indicesy,, = (2n 1).

Xn; =2; Xn, =4 Xny =6; Xn, =8;
Yoio= 1 Y, = 3 Yng= 5 Y, = T
There is no way of combining these individual subsequences to arrive at a subsequence of

(Xn)-

Our interest lies principally with sequences which converge, for which the de nition is almost
identical to the one for sequences irR:

_[ De nition 1.39 |

Let (xn)ﬁ:1 be a sequence irR". We say that (x,) converges with limit x 2 R", written
(xn) ! x, if for every > 0 there exists anN 2 N such that whenevern > N then
kx, xk<

The corresponding theorems about uniqueness of limits, the limit laws, and the Squeeze The-
orem all hold in R" as well asR, with the only e ective change being that the absolute valuej j
becomes the normk k. The student is encouraged to prove these in multiple dimensions to check
that they also work.

We may feel comfortable with the de nition of convergent sequences, since it is only a slight
modi cation of what we have seen repetitively in both this course and its prequel. However, with
our discussion of balls, we now have an opportunity to associate a strong geometric interpretation
to the idea of convergence. The conditiorkx, xk < says that x, is in B (x), so the de nition
of convergence can equivalently be colloquialized by saying thatx(,) ! x if

\Every ball around x contains all but nitely many points of the sequence.”

Example 1.40 )

Show that the sequencexn = (xn;yn) = 3% 1 (0;0).
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R
Solution. Let > 0 be given, and choos& such that & < p=. If n>N then -2 < 2 and

r— r

1 1
k(Xn;yn) (0;0)k = St =

One can use sequences to characterize the closure of a set, and hence determine whether or not
a set is closed. IfS R", we say that (x,) is a sequence inS if x, 2 S for everyn 2 N. The
closure of S is the collection of all limit points of convergent sequences irs:

Proposition 1.41

If S R", then x 2 S if and only if there exists a convergent sequencex() in S such that
(xp) ! X.

Proof. [) ]Assume thatx 2 S so that every ball around aroundx intersectsS. We need to construct
a sequence irS which converges tox. For eachn 2 N, choose an elemenk, 2 B1-,(X)\ S, which
is non-empty by assumption (See Figure 12). By construction, the sequence%),l]:1 is a sequence
in S, so we need only show that X,) ! x. Let > 0 be given and chooseéN such that Ni <
Whenn>N we have% < Ni < , and by construction x, 2 B1=,(x) B (x), or equivalently

1
kxp, xk< =<
n

[( ]Let (xn)ﬁ:1 be a convergent sequence i® with limit point x. If > 0 is any arbitrary real
number, then there exists anN 2 N such that for all n > N we havex, 2 B (x). Sincex, 2 S,
this implies that B (x)\ S 6 ;. Since was arbitrary, x 2 S or x 2 @S In either case,x 2 S. [

Since we know that a setS is closed if and only if S = S, one immediately gets the following
Corollary.

Corollary 1.42

AsetS R" is closed if and only if whenever ((n)ﬁzl is a convergent sequence its with
(Xn) ! x,thenx 2 S.
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Figure 12: In the proof of Proposition 1.41, we need to construct a sequence which convergesxo
This is done by choosing points in successively smaller balls arounx.

1.4.3 Completeness

Our goal in this section is to extract convergent subsequences from bounded sequences, in an
e ort to facilitate our future discussion of compactness. We have already reviewed the Monotone
Convergence Theorem, from which the following (equivalent) Theorem follows:

Theorem 1.43: Nested Interval Theorem

For eachk 2 N, let I =[ak; k] be a closed interval such that
l1 P I3 I 4 I

is a nested collection of intervals, and b ax) !k!1 0; that is, the length of the intervals
is getting smaller. Then the intersection of these intervals is non-empty, and in particular
consists of a single element, sap. Notationally,

L
I = fpg:
k=1

Proof. Consider the sequencesa@)&=1 and (Q)ﬁzl de ned by the endpoints of the intervals. Since
the intervals are contained within one another, (@ax) is monotone increasing, while f) is monotone
decreasing. By the Monotone convergence theorem, both sequences converge. Moreover, since the
length of the subintervals approach zero, the sequences converge to the same point (prove this more
rigorously if you do not see it). Let this limit point be p, forwhichay p b for everyk, showing
that

v

p2 lg:
k=1

Since the lengths of the intervals tend to zero, this is the only possible point in the intersection
(once again, provide a more rigorous proof of this fact). O
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Theorem 1.44

Every bounded sequence irR has a convergent subsequence.

Proof. The idea of the proof will be to exploit Theorem 1.43 by successively bisecting the sequence
into two halves. This will lead to a chain of nested intervals, which must have a single point in
common. We will then construct a sequence which converges to this point.

More formally, let (an)ﬁ:l be a bounded sequence, an > 0 be such thatja,j M for all
n 2 N. In particular, a, 2 [ M;M ]. Consider the two halves [ M; 0] and [0, M ], one of which must
contain in nitely many elements of the sequences. Call this intervall;. We inductively construct
the closed interval |, as follows: Assume thatl, 1 has been given, and splitl,, into two halves. At
least one of these halves must contain in nitely many elements of the set, so choose one and call it

In.

By construction,
I 12 I3 ;

and the length of the interval 1 is M=2% 1. Clearly, ask!1 the length of the subintervals tends
to 0, and as such the Nested Interval Theorem implies there exists a poinp which is contained in
every such interval.

We now construct a sequence which converges to Let X, be any element of &) which lives
in I1. We construct xy, inductively as follows: Assume that xy, , has been specied. Sincdp
contains in nitely many elements, there exists an element inl, which is further along the sequence
than xy, ,. Call this element xy .

Finally, we show that (xi,) ! p. Let > 0 be given and choosd 2 N such that ¢ < . If

n>N then
M

. . M
Xk, Xj < (length of 1) < o1 < SN T <

as required. O
We wish to extend this to discuss sequences iR". Though it no longer makes sense to talk

about increasing or decreasing sequences (there is no natural way of orderingtuples), we can still
talk about when a sequence is bounded.

De nition 1.45 |

A sequence Xn):_, in R™ is bounded if there existsM > 0 such that kxpk M for every
n2 N.

Proposition 1.46

Every bounded sequence irR" has a convergent subsequence.

Proof. We will give the explicit proof for n = 2, which contains all the important ideas, and
comment on how to generalize it afterwards. Letx, = (Xn;Yn) be a bounded sequence ilR?. Note
that jxnj k Xpk and so the sequencesxg) and (y,) are each bounded inR. It is very tempting to
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simply take a convergent subsequence of each, but the problem is that we cannot stitch them back
together (See Remark 1.38).

Instead, let (xn, ) be a convergent subsequence okf), with limit say x. Using the same indices
consider the subsequenceyf, ). This sequence does not necessarily converge, but it is bounded, so it
in turn has a convergent subsequencey, ) ! y. We claim that the (sub)subsequence Xn,.; Yn,.)
converges. We already know that ¢,, ) ! y. Furthermore, since (xn,.) is a subsequence ofxp, ),
which we know is convergent, Proposition 1.37 implies that x»,.) ! X. By Exercise 1.4.2, since
each component converges X, . ; Yn,.) converges, as required. O

A very closely related notion of convergence is the notion of a Cauchy sequence.

De nition 1.47 |

A sequence Xn)ﬁﬂ is said to be Cauchy if for every > 0 there exists aN 2 N such that if
n;k >N then kx, xykk<

Cauchy sequences are precisely those sequences whose elements get closer together the further
we travel into the sequence. Indeed, if we translate the de nition of a Cauchy sequence, it says

\By going far enough into a Cauchy sequence, we can ensure that any two elements are
as close together as we want."

The bene t of Cauchy sequences is that they seem to encapsulate the basic behaviour of a convergent
sequence, but one does not need to knoapriori the limit itself. The following proposition con rms
this suspicion.

Proposition 1.48

If (xn)ﬁ:1 is a sequence irR", then (x,) is Cauchy if and only if (x,) is convergent.

Solution. [( ] This is the easier of the two directions. Assume that &) is convergent with limit
point x and let > 0 be given. ChooseN 2 N such that if n > N then kx, xk < 5. We claim
that this N works for the de nition of a Cauchy sequence. Indeed, letkk;n >N so that

+ < —+ — =
kxk Xpk k xx xk+ kxp xk 5% 5

as required.

D 1 Conversely, let us now assume that X,) is Cauchy. We will rst show that ( x,) is bounded.
Setting = 1 there exists an N 2 N such that whenevern > N then kx,, xynk < 1, from which
it follows that

kxnk < kxp Xnk+ kxnk=1+ kxyk:

By setting M = max fk x1k;:::;kxnKk; 1+ kxn kg then kxpk M for all k 2 N.

By Proposition 1.46, (xn) thus has a convergent subsequencexf, ), say with limit point x. We
now claim that the original sequence actually converges as well. Indeed, let > 0 be chosen, and
N1 2 N be such that for all k;” > N ; we havekx, x-k < 5. Similarly, chooseK 2 N such that
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1.5 Continuity 1 The Topology of R"

for all k > K we havekx, ~ xk < 5. Fix an integer k > N ; such that ny > K so that if n > K
we have

kxn Xxk< kxn Xn K+ kxp, xk<§+§:

De nition 1.49 |
We say that S R" is complete if every Cauchy sequence converges.

Proposition 1.48 implies that R" is complete. We leave it as an exercise for the student to show
that S R" is complete if and only if S is closed.

1.5 Continuity

We pause our discussion of sequence for the moment (to be resumed quite shortly) to discuss the
notion of limits and continuity for functions of several variables. Let us brie y recall the de nitions
in a single variable, upon which we will generalize our discussion to multiple dimensions.

,_f De nition 1.50 |
Letf :R! Rwith c;L 2 R. We say that )I(ilmcf (x) = L if for every > O there exists > 0

such that whenever 0< jx ¢ < thenjf(x) Lj<
We say that f is continuous at c if Lilmcf (x) = f(c). If f is continuous at every point in its

domain, we simply say thatf is continuous.

\. J

Continuity is a way of saying that the function behaves well under limits, or equivalently that
limits can be taken \inside" the function, since

)I(l!mcf x)=f )I(l!mcx = f (0):

This idea that continuous functions permit one to interchange the function evaluation with the
limit will become more evident in a second. We presume that the student is still familiar with these
notions (albeit perhaps a bit rusty), so we will not explore them further at this time and instead
pass to multivariable functions.

Of particular interest will be functions of the form f : R" ! R (though a similar conversation
holds for functionsf : R" I R™). For functions of a single variable, the idea of a limit is that as
X gets arbitrarily close to c, the function value f (x) becomes arbitrarily close toL. These notions
were made formal by way of the absolute value, which measured distancgx ¢j is the distance
betweenx and c, while jf (x) Lj is the distance betweenf and L. In R" we have adapted to use
the norm to measure distance, so it seems natural to replacx ¢ with kx ck.
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1 The Topology of R" 1.5 Continuity

_[ De nition 1.51 |
Let f :R"! RM™ with ¢c2 R" andL 2 R™. We say that

)!l!mc f(x)=L

if for every > 0 there exists a > 0 such that whenever O< kx ck< thenkf(x) Lk<

\. .

Note that these aredi erent norms; the norm for kx  ck is the R" norm, while the norm for
kf(x) Lkisin R™. The student is likely familiar with the unwieldy - approach to limits, and
we assure the reader that this situation is signi cantly more exacerbated in multiple dimensions.

Example 1.52

Show that lim (x+y)=2.
(xy)! (1;(1) )

Solution. Recall that in general, for any arbitrary (a;b) 2 R? one has

p P—
jaj a2+ b7 jbj a2+ I (1.2
Let > O be given and choose = 5. Assume that (x;y) 2 R? satisfy k(x;y) (1;1)k< so that

j(x+y) 2]=J'F$X D+(y 1) J'Xplj+jy 1
(x 12+(y 12+ (x 12+(y 1) by (1.1)
=2k(x;y) (@ Lk<:

Example 1.53

Show that  lim BL =0
(xy)t (0:0) X2+ y2

Solution. Let > 0 be given and choose = . If (x;y) 2 R? satisfy k(x;y)k < then
P
Xy _ L iXiiyi x2+y2 x2+y2
0w 0T P o vy
X2+y X2+y X2 +y

p "
X2+ y2=k(x;y)k < :

Example 1.54

Let f : R?! RS2 be given by (x;y) 7! (x;x + y;x Yy). Show that

lim f(xy)=(1;1;1):
(xy)! (1;0) (ay)=( )

32



1.5 Continuity 1 The Topology of R"

Solution. Let > 0 be given and choose = p—g Notice that

k(x Lx+y Lx y DK=(x 12%+(x+y 1P2%+(x y 1)
=(x 1%+ (x 1)P+2(x 1y+y?
+ (x 172 2x Ly+y?
=3(x 1)2+2y?> 3 (x 1)2+y?
=3k(x 1 y)k?

and as such p_
kf(x) Lk 3kx (1;0)k< :

Recall that

lim f (x) exists , lim f(x) exists and lim f (x) exists:
x! ¢ x! ¢t x! ¢

This represents the fact that the limit exists if and only if the limit is the same regardless of which
path | take to get to c. The problem in R" is much more di cult, since even in R? the number

of ways in which a limit can be approached is in nite. In Example 1.53 we took the limit as
(x;y) ! (0;0). We can approach the origin (Q 0) along the x-axis, the y-axis, or along any line in

R? (see Figure 13). In fact, one need not even approach along lines, you can approach along any
path in R? that leads to the origin. For the limit to exist overall, the limit along every possible
path to the origin must exists, and they must all be equal.

Ya

2N\,
NS

Figure 13: Even in R?, there are in nitely many ways of approaching a point. For a limit to exist,
the limit along each path must exist and must be equal to that achieved from every other path.

Example 1.55

2

- , X
Show that the limit  lim 47)/4
(xy)! (0:0) X* +y

2
does not exist.

Solution. Let us approach the origin along the straight linesy = mx, wherem 2 R is arbitrary. If
.. . . . 2y,2
the limit exists, it must be the same regardless of our choice om. Let f (x;y) = X%er—ﬁ and note

33



1 The Topology of R" 1.5 Continuity

that the path y = mx can be written pairwise as ; mx), and so

. _ B x?(mx)2 m2x4
iy F 06 mx) = it ox4+(mx)4 Mo X2+ maxa
: m2x4 : m?
= lIm, (m4+1)x4 e+ 1
m?2
T mis1l

This limit clearly depends upon the choice ofm, and so we conclude that the limit does not
exist.

The inquisitive reader might suspect that it is only straight lines that pose problems. For
example, could it be the case that if the function exists along every liney = mx then the limit can
be guaranteed to exist? The following examples shows that this is note the case:

Example 1.56

2xy 2
X2+ 2

Show that the function f (x;y) =
along the parabolax = my?.

admits a limit along every line y = mx, but fails

Solution. Proceeding as suggested, we take the limit along the lineg = mx:

2x(mx)? 2m?2x3 2mx
limf(x;mx)=Ilm ———=Im ————=Im —— =0
x! 0 ( ) xI 0X2+(mx)4 x! ox2+ m4x4 x! 01+ m4x2

On the other hand, along the linex = my? we get

. . 2(my?)y? 2my* . 2m 2m
2. = - - - = _ = =
J/I!mof (my=y) = l;'zr!no (my2)2 + y4 >|/!m0 m2y4 + y4 U{no m2+1 m2+1

and this clearly depends onm. We conclude that the limit does not exist.
Things seem rather hopeless: The- de nition is tricky to work with, and the above examples
show that we cannot even limits be evaluating along typical paths. What progress can we possibly

make? Our salvation lies with the fact that the Squeeze Theorem also holds for functiont : R" !
R.

Theorem 1.57: Multivariable Squeeze Theorem

Let f;g;h : R" ! R be functions andc 2 R". Assume that in some neighbourhood of,
such that f (x) g(x) h(x) for all x in that neighbourhood. If

lim f(x) = lim_g(x) = L; then  lim g(x) = L:

The proof is identical to that of the single variable squeeze theorem, so we leave it as an exercise.
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1.5 Continuity 1 The Topology of R"

Example 1.58 )

. 3x2
Show that lim % =
(xy)! (0;0) X< +Y

Solution. Note that y2  x2+ y2, and so for (x;y) 6 (0:;0),
3x%y2  3X3(x2+ y?)

3x%:

In the limitas (x;y) ! (0;0) the bounding functions both tend to zero, so by the Squeeze Theorem

we conclude
3X2y2

(xy)! (00) X2+ y2

Example 1.59

4 cin2
. o . sin
Determine the limit lim y_sImixy) 2' (xzy).

(xy)t (00 X=+y

Solution. Taking absolute values and using the fact thatjsin(xy)j 1andy? x2+ y2 we get

y* sin®(xy) ' YA HY) Lo
XZ + y2 X2 + y2 (X2 + y2) y™

As both sides tend to zero asX;y) ! (0;0) we conclude that

y2sin’(xy) _
()l (00) X2+y2

from which the limit follows. 3

Now that we have tools for discussing limits, we can move onto the notion of continuity, which
in a multivariable context is nearly identical to the single variable de nition.

,_f De nition 1.60 |
A function f : R" ! R™ is continuous atc 2 R" if

lim £(x) = f(o):

If f is continuous at every point in its domain, we just say that f is continuous.

For example, the function f (x;y) = % from Example 1.59 is unde ned at (G; 0), but if
we de ne ( .. 2 ()
y?sin“(xy) . :
gocy)= e X80
0; if (x;y)=(0;0)

*Recall that j f(x)j f(x) j f(x)j, soifjf (x)j!*" ° 0, the Squeeze Theorem implies thatf (x)! *' ° .
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1 The Topology of R" 1.5 Continuity

then g is a continuous function.

It turns that there are (at least) two other equivalent notions of continuity, which will prove
invaluable tools for studying topology.

Theorem 1.61

A function f : R" ! R™ is continuous if and only if whenever @n)ﬁzl I ais a convergent
sequence inR", then (f(an))ﬁ=1 I f(a) is a convergent sequence iR™.

Figure 14: If (a5) ! a, then by going far enough into our sequence (blue) we can guarantee that
we will be in -neighbourhood ofa. The image of these points are the (a,) (brown), which live in
the desired -neighbourhood because of the continuity off .

Proof. [) ] Assume thatf is continuous, and let (@,) ! a. We want to show that (f(ay)) ! f(a).
Let > O be given. Sincef is continuous, there exists a > 0 such that for each x satisfying
kx ak< we havekf(x) f(a)k< . Since @,) is convergent, there exists anN 2 N such that
forall n N we haveka, ak< . Combining these, we see that wheneven N we have

ka, ak< ; andsokf(a,) f(a)k<:

which is exactly what we want to show.

[( ] Conversely, assume thatf is not continuous, say atc. Hence there exists an > 0 such

that for any > O there is anx such that kx ck < andkf(x) f(c)k . For each , = %
choose an elemenk,, satisfying kx, ck< , andkf(x,) f(c)k . Then (xp) ! c but f(xp)
does not converge tof (C). O

Theorem 1.61 shows that a function is continuous if and only if it it maps convergent sequences
to convergent sequences. This is precisely what we mean when we say that we can interchange a
function with the limit, since if ( x,) ! a then

nI!ilm f(xp)=f nI!ilm Xn = f(a):
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1.5 Continuity 1 The Topology of R"

The other equivalent de nition of continuity is more topological in nature:
Theorem 1.62

A function f : R" ! R™ is continuous if and only if wheneverU R™ is an open set, then
f 1(U) R"is also an open set.

Proof. [) ] Assume thatf is continuous and letU R™ be an open set. Letx 2 f 1(U) be arbitrary
and considerf(x) 2 U. SinceU is open, there exists and > 0 such that B (f(x)) U, and since
f is continuous, let > 0 be the choice of delta which corresponds to this epsilon. We claim that
B (x) f (U). Indeed, lety 2 B (x) so that kx yk < . By continuity, kf(x) f(y)k <
which shows thatf(y) 2 B (f(x)) U, thusy 2 f 1(U) as required.

Figure 15: To show that the pre-image of open sets is open, we use the fact that the condition
kf(x) f(y)k< is exactly the same thing as looking at an -ball around f(x).

[( ] Assume that the preimage of open sets is open, for which we want to show that is
continuous, say atx. Let > 0 be given, and setU = B (f(x)). Certainly we have x 2 f 1(U),
and since this is an open set by assumption, there exists a> 0 such that B (x) f (U). We
claim that this choice of delta will satisfy the continuity requirement. Indeed, let y be a point such
that kx yk< ;thatis, y 2 B (x). SinceB (x) f (U)we knowthatf(y)2f(B (x)) U=
B (f(x)); thatis, kf(y) f(x)k< , as required. O

Example 1.63 |

Show that the setS = f(x;y):y > 0g R?is open.

Solution. This is the same set as in Example 1.24, wherein we showed the was open by
constructing an open ball around every point. Consider the functionf : R? | R given by
f(x;y) = y. The student can convince him/herself that this function is continuous, and more-
over, that S=f ((0;1)). Since (0;1 ) is openinR and f is continuous, it follows that S is open
as well.
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1 The Topology of R" 1.6 Compactness

Exercise: Show that f : R" ! R™M is continuous if and only if wheneverV  R™ is closed

then f (V) is closed.

Many of the theorems about continuous functions in a single variable carry over to multiple
dimensions, for example

Theorem 1.64

If f :R"! R™ iscontinuous atcandg : R™ ! RKis continuous atf(c), theng f:R"! RX
is continuous at c.

This is a simple theorem to prove, so it is left as an exercise for the student. It is straightforward
to show that the functions x vy, and xy are continuous, which immediately imply that the sum
and product of continuous functions is also continuous.

1.6 Compactness

In our study of calculus on R, there is a very real sense in which the setsafb] are the best
behaved: They are closed, which means we need to not worry about the distinction between
in mum/supremum and minimum/maximum, and they are bounded so need not worry about
wandering o to in nity. In fact, one might recall that the Extreme Value Theorem was stated for

an interval of this type.

We have since explored the notions of closed and boundedness in multiple dimensions, and once
again it seems as though the same bene ts a orded in the single variable case also extend ®'.
We give such sets a very special name:

De nition 1.65 |
AsetS R" is compactif it is both closed and bounded.

Example 1.66

1. As mentioned, the interval [a;h] R is compact. More generally, any closed ball
B,(x) R"is compact.

2. As nite unions of closed and bounded sets are closed and bounded, the nite union
of compacts sets is compact.

3. The set consisting of a single point is compact. By the previous example, every nite
set is also compact.

4. R" is not compact. While it is closed, it is certainly not bounded.

5. The rationals Q R are neither closed nor bounded, and hence are not compact.
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1.6 Compactness 1 The Topology oR"

Exercise: Prove property (2); that is, show that a nite union of compact sets is still com-

pact. Give an example to show that the result is not true if we allow in nite unions.

It turns out that this de nition, while convenient conceptually, does not lend itself to proving
results about compact sets. Nor does it generalize to more abstract spaces. As such, we have the
following two equivalent de nitions of compactness:

Theorem 1.67

If S R" then the following are equivalent:
1. S is compact,

2. [Bolzano-Weierstrass ] Every sequence inS has a convergent subsequence; that is,
if (xn)ﬁ:1 S, then there exists a subsequencexf,) and a point x 2 S such that

Xk ) ! X.

3. [Heine-Borel ] Every open cover ofS Seldmits a nite subcover; that is, if fUjg;,, is a
collection of ogen sets such thatS i»1 Ui, then there exists a nite subsetJ |
such that S i3 Ui

Proof. This is typically stated as two separate theorems: The Heine-Borel Theorem and the

Bolzano-Weierstrass Theorem, in which one shows that each of the corresponding alternate de ni-
tions are equivalent to closed and bounded. We will only prove Bolzano-Weierstrass, as Heine-Borel
is more complicated.

[(1)) (2)] Suppose that S is closed and bounded, and Iet>(n)ﬁ:1 S. SinceS is bounded, so
too is (Xxn), in which case Theorem 1.44 implies there exists a convergent subsequenocg,() ! x.
A priori , we only know that x 2 R", but since S is closed, by Corollary 1.42 we know thatx 2 S.
Thus (xn,) is a convergent subsequence.

[(2)) (1)] We will proceed by contrapositive. Assume therefore thatS is either not closed or not
bounded.

If S is not closed, there existsx 2 SnS. By Corollary 1.42 there exists a sequencex(n)%:l S
such that (x,) ! x: Since kn) converges, by Proposition 1.37 every subsequence also converges,
and to the same limit point. Thus (Xx;) is a sequence inS with no convergent subsequence irs.

Novy assume that S is not bounded. One can easily construct a sequencexf) such that
kxnk "t . Necessarily, any subsequence of, also satis es this property, and so k) has no
convergent subsequence. O

Remark 1.68  There are many more equivalent de nitions of compactness, some of which
are equivalent, depending on the more general topological context. In general, none of
these de nitions are actually equivalent. The statement corresponding to Heine-Borel is the
\true" de nition of compactness, though it is sometimes known as quasi-compactness, while
the Bolzano-Weierstrass de nition is referred to assequential compactness
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1 The Topology of R" 1.6 Compactness

One of the more potent results about compact sets is the following theorem

Theorem 1.69

Letf :R"! R™ be a continuous function. IfK  R" is compact, thenf(K) is also compact.
More concisely, the continuous image of compact sets is compact.

Proof. We will proceed via the Bolzano-Weierstrass theorem. Consider a sequencyen()ﬁ:1 in f(K),
for which our intent is to nd a convergent subsequence. By de nition of f(K), for eachy, there
exists anxp 2 K such that y, = f(X,), and hence we can de ne a sequenceyf) in K. SinceK is
compact, there exists a convergent subsequence{,) ! x, with x 2 K.

We claim that the corresponding subsequencey(,, ) converges tof (x). Indeed, sincef is con-
tinuous, we know that

lim f(xn) = lim xn, = f(x)

and sincex 2 K, we know f(x) 2 f(K). Thus (yn,) is a convergent subsequence if(K ), and we
conclude that f (K ) is compact. O

Figure 16: Proof of Theorem 1.69. We start with a random sequenceyf) in f(K) and look at the
points (xn) in K which map to (yn). We choose a convergent subsequencey, ) (green), and use
that subsequence to de ne a convergent sequenceg, ) (green) in f(K).

| Exercise: Prove Theorem 1.69 using the Heine-Borel Theorem. l

This now immediately implies a familiar theorem from single variable calculus:
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1.7 Connectedness 1 The Topology oR"

Corollary 1.70: Extreme Value Theorem

If f : R" ! R s a continuous function and K R" is a compact set, then there exists
XminiXmax 2 K such that for every x 2 K;f (Xmin) f(X) f(Xmax); that is, f achieves
both its extreme values onK .

Proof. Sincef is continuous andK is compact, by Theorem 1.69 we know thatf (K ) is compact,
and as such is both closed and bounded. Sinde(K) R, the completeness axiom implies that
supf (K) and inf f (K) both exist. Since f (K) is closed, the supremum and in mum are actually
in f (K), so there existXmin;Xmax 2 K such that

f (Xmin) = inf f (K); f (Xmax) =sup f (K);
and by de nition of inf and sup, for every x 2 K
f (Xmin) =inf £(K) f(x) supf(K)=f(Xmax)

as required. O

1.7 Connectedness

Connectedness is an expansive and important topic, but one which is also quite subtle. The \true
de nition" embodies pathological cases which we will not be of concern in the majority of our work,
and so it is more intuitive to introduce a weaker notion known as path connectedness.

Intuitively, we would like something to be connected if it cannot be decomposed into two
separate pieces. Hence we might say that a s& is not connected if there existS;; S, such that
S=Si[ S, and S;\ Sy = ;. This latter condition is important to guarantee that the two sets do
not overlap. Unfortunately, this condition does not actually capture the idea we are trying convey.

For example, one expects that the interval S = (0 ; 2) should be connected: it looks like all one
piece. Nonetheless, we can write (@) = (0;1)[ [1;2), so thatif S; =(0;1) and S, =[1;2) then
S= S]_[ Sz andSl\ 822 -

The remedy is to enforce a condition on the closure of each set; namely, th&;\ S, = ; and
S:1\' S, = ;. Ensuring that these intersections are empty ensures that our sets are far enough apart.

_[ De nition 1.71 |
AsetS R" is said to bedisconnectedif there exist non-empty S;;S, S such that

1.S=S[ Sy,
2.51\ So=;andS;\ S, = ;.

We refer to (S1; Sp) as adisconnection of S. If S admits no disconnection, we say thatS is
connected

This de nition is such that it is much easier to show that a set is disconnected rather than
connected, since to show that a set is connected we must then show that there is no disconnection
amongst all possible candidates.
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1 The Topology of R" 1.7 Connectedness

,—| Example 1.72 }

Show that the following sets are not connected:
1. 8=[0;1][ [Z3] R,
2.0 R,
3.T= (x;y)2R?:y6 x .

Solution.

1. The disconnection for this case is evident: by settings; =[0; 1] and S, = [2; 3], all conditions
are satis ed. Hence 1; Sp) is a disconnection ofS.

2. This example requires us to think more carefully. We know that 2 Q is irrational, so
considerS; = Q\ (1 ; )and S, = Q\ (; 1). Clearly S;[ S = Q\ (Rnf g)= Q, while

S\ S=(1 ;1N (;1)=3:
Similarly, S;\ S, = ;. Thus (S1;S) does indeed form a disconnection o).

3. OursetT looks like the plane with the liney = x removed. Since the liney = x somehow splits
the space, one might be unsurprised that this set is disconnected. Le$; = f(x;y):y >Xxg
and S, = f(x;y):y<xg,sothat T = S;[ S,. Furthermore,

S71\ 52=f(X;y)Zy Xg\f (X;y):y<xg:;:

Similarly, S1\ S, = ;, and so (S1;Sy) is a disconnection ofT.

Remark 1.73  Examples (2) and (3) above show that the elements of the disconnection
can be arbitrarily close to one another yet still form a disconnection.

Proposition 1.74

AsetS R is connected if and only ifS is an interval.

Despite the simplicity of the statement, the proof of this result is non-trivial. It can be found
in the textbook, so we leave it as an exercise for the interested student.

So in general, it seems that proving that a set is connected can prove quite bothersome. An
excellent tool for proving connectedness will be the following weaker de nition:

De nition 1.75 |

If S R" then a path in S is any continuous map :[0;1]! S. We say that S is path-
connectedif for every two points a;b 2 S there exists a path :[0;1]! Ssuchthat (0)= a
and (1) = b.
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1.7 Connectedness 1 The Topology oR"

Intuitively, a set is path connected if between any two points in our set, we can draw a line
between those two points which never leaves the set.

Example 1.76

Show that every interval [a; ] R is path connected.

Solution. Let c;d 2 [a; ] be arbitrary, and de ne the map :[0;1]! [a;bby (t)=td+(1 t)c
One can easily check that is continuous, and (0) = ¢, (1) = d. We conclude that [a; 1 is path
connected.

Naturally, the solution above would also work for (half) open intervals. We invite the student
to compare this proof to the one for Proposition 1.74, to see the di erence in complexity required
to show that a set is connected as compared to path connected.

Example 1.77

Show that the setS= (x;y) 2 R>:x 60 [f (0;0)g is path-connected.

Solution. Consider Figure 17 which suggests how we might proceed. If the two components lie in
the same half of the plane, we can connected them with a straight line. If they lie in separate halves
of the plane, we can connected them with lines that must rst go through the origin.

by

T
!
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
|
|
|
|
|
!
!
|
|
|
1

Figure 17: If a and b1 lie in the same plane, we can connect them with a straight line. Ifa and b,
lie in separate planes, we can connect them with a line through the origin.

Choose two pointsa = (ag;az);b = (by;p) 2 S. Our rst case will be to assume that both a
and b lie in the same half of the plane. Without loss of generality, assume thata;;b; > 0. De ne
the path

(t)=at+(1 t)b=(at+(1 t)b;axt+(1 t)by):

Sincea; and by are both positive, the x-coordinate of the pathat+(1 t)hy is also always positive.
Thus is a path entirely in S.
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For our other case, assume then that; < 0 andb; > 0. Consider the two paths 1(t) = a(1 t)
and ,(t) = bt, both of which are paths from their respective points to the origin, which remain
entirely within S. By concatenating these paths, we can de ne a new path

1(2t) t2[0=]

(t) = e
L2t 1) t2[=1]

It is easy to check that is continuous, (0) = a and (1) = b. As each constituent path lies
entirely within S, so too does the concatenated path, as required. We conclude the® is path
connected.

Theorem 1.78

The continuous image of a (path) connected set is (path) connected. More precisely, if
f:R"! RMis continuous andS R" is (path) connected, thenf(S) is (path) connected.

Proof. We will show the (much simpler) proof when S is path connected, and leave the connected
case as an exercise.

Assume then that S is path connected, and considerf (S). Let a;b 2 f(S) be any two points,
and choosex;y 2 S such that f(x) = a and f(y) = b. SinceS is path connected, there is a path
:[0;1]! S suchthat (0)= x and (1) = y. We claim that f 2[0;1] ! f(S) is a path in
f(S) connectinga and b. Indeed, since andf are both continuous their composition f is also

continuous. Evaluating the endpoints, we have

¢ NO=fCON=~fx)=2a (f M= @A)="f(y)=Db

so (f ) is a path connectinga and b as required. O

Corollary 1.79: Intermediate Value Theorem

LetV R" be a (path) connected setand : R" ! R be a continuous function. Leta;b 2 V
and assume thatf (a) < f (b). Then for every ¢ such that f(a) < ¢c < f(b) there exists an
X 2 V such that f (x) = c.

Proof. Regardless of whether we alloww to be connected or path connected, we know that the
image f (V) is an interval. Since f (a);f (b) 2 f (V) then [f (a);f (b)] f(V), and the result
follows. m

| have mentioned that path connectedness is a strictly weaker notion of connectedness; that
is, any path connected set is necessarily connected, but the converse need not be true. This is
demonstrated by the following proposition and the example thereafter.

Proposition 1.80

Any set which is path connected is also connected.
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1.8 Uniform Continuity 1 The Topology of R"

Proof. We will proceed by contradiction. Assume then that S  R" is path connected but not
connected, so there exists a disconnectiorsq; S;). Choosea?2 S;andb 2 S; andlet :[0;1]! S
be a path froma to b. Since is continuous,P = ([0;1]) is necessarily connected. On the other
hand, let P, = P\ S]_ and P, = P\ Sz, so that P]_[ P> :(S]_[ Sz)\ P=P, while

P\ P,=(P\S)\' S, Si\ Sp=5;

implies that Py \ P, = ;. Similarly, P1\ P> = ;, showing that (P1;P>) is a disconnection ofP,
which is a contradiction. We conclude that S is connected. O

To see that connected does not imply path connected, consider the following set, known as the
Topologist’'s Sine Curve

X; sin % :x2Rnf0g [ (0;0):
It is possible to show that this set is connected (convince yourself of this) but not path connected

(also convince yourself of this). Thus path connectedness is not equivalent to connectedness. A
partial converse is given by the following:

Proposition 1.81

If S R"is connected and open, therS is path-connected.

1.8 Uniform Continuity

Stronger than continuity, there is a notion of uniform continuity, which plays nicer with Cauchy
sequences than a simple continuous function. The idea is as follows: If we write out the de nition
of continuity, in full quanti ers, we get

8> 0;8x2D;9 > 0;8y2D;jx yj< )j f(x) fy)j<:

The fact that the delta is speci ed after both the and the point x means that (; x) is a function
of both these terms; that is, changing either or the point x will change the necessary value of.
This is perhaps unsurprising, since the choice of really corresponds to how quickly the function
is growing at a point (See Figure 18).

The idea of uniform continuity is that given a xed > 0, one can nd a which works for
every point X.

De nition 1.82 |

LetD R"andf:D! R™. We say that f is uniformly continuous if for every > 0, there
exists a > 0 such that for every x;y 2 D satisfying kx yk< thenkf(x) f(y)k<

As stated, the de nition of uniform continuity implies that  only depends upon the choice of,
not on the particular point that we choose. Intuitively, uniformly continuous function are in some
sense bounded in how quickly they are permitted to grow.
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X_1 X_z X‘3 X

1 2 3

Figure 18: Fora xed > 0, the value of depends on the choice of the poink. In fact, the faster
a function grows at a point, the smaller the corresponding will be.

Example 1.83 J

The function f : R! R given by f (x) = 2x + 5 is uniformly continuous.

Solution. Let > 0 and choose = 5. Let x;y 2 R be any points such thatjx yj < , and notice
that
ifx) f(yi=i@x+5) @y+5)j=2jx yj<2 =:

The domain is an exceptionally important piece of information when determining uniform con-
tinuity, as the following example shows.

Example 1.84 )

Letf :R! R;x7!'x?andg:[ 2,2]! R;x 7! x?. Show that g is uniformly continuous
but f is not uniformly continuous.

Solution. Let > 0 and choose = ;. Let x;y 2 R be such thatjx yj< . Sincex;y 2 [ 2;2]
we know that 2<x;y < 2so

X+yi<ixj+ijyi<2+2=4:

and moreover
f) fyi=ix® yj=jx+yjix yi<4x yj<4 =
as required. On the other hand, suppose for the sake of contradiction that is uniformly continuous.

Let =1 and choose the > 0 guaranteed by uniform continuity. Choosex 2 R such that jxj > 1=,
and sety = x+ =2. Clearly jx yj< , but

2

X X+ - = x+t
2

2 jxj>1=
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1.8 Uniform Continuity 1 The Topology of R"

which is a contradiction.

Notice that the proof for why f fails to be uniformly continuous cannot be applied tog, precisely
becauseg is only de ned on the interval [ 2;2] and as such, we cannot guarantee there exists an
X such that jxj > 1=.

So far, our examples have been limited to those functiorR ! R, and naturally the situation
becomes more complicated in higher dimensions. Luckily, with the use of compactness, we can
prove the following theorem:

Theorem 1.85

If D R"is acompact setandf :D ! R™ is continuous, thenf is uniformly continuous.
More concisely, continuous functions with compact domain are uniformly continuous.

Proof. The proof of this theorem is particularly slick using the Heine-Borel theorem, but as our
characterization of compactness has been principally the Bolzano-Weierstrass theorem, we will
proceed with that.

Assume, for the sake of contradiction, thatf is not uniformly continuous; that is, there exists an
> Osuchthatforall > Owecan ndapairx;y 2 D suchthatkx yk< andkf(x) f(y)k
. Let > 0 be as given, and for eacm 2 N let , = % De ne Xp;yn to be the pair such that
kxn ynk< nandkf(xn) f(yn)k

The sequence Xn)ﬁﬂ is a sequence in the compact seD, and so by Bolzano-Weierstrass, it
. |
has a convergent subsequencexg,) ! x. Sincekxn, ynk it 0, one can show that ¢, ) ! x
as well. Sincef is continuous,

dm [f0n) 1= 100 100 =0

which contradicts the fact that kf(x,) f(yn)k . O

| Exercise: Prove the above theorem using the open covering version of compactness. l

This allows us to immediately deduce that some functions are uniformly continuous, with-
out having to go through the trouble of proving the - version. For example, the function
f(x;y) = sin(x) + cos?(y), de ned on B1(0) is uniformly continuous by virtue of the fact that f
is continuous andB1(0) is compact.

47



2 Dierential Calculus

2 Dierential Calculus

2.1 Derivatives
2.1.1 Single Variable: R! R

Recall that if f : R! R we say thatf is di erentiable at a point a2 R if

i f@rh f@

exist
h! 0 h S

and moreover, when the limit exists we denote it byf Ya).

It turns out that this paradigm may not be the most pragmatic when dealing with functions
from R" ! R™, so we take a moment to re-introduce the topic with a view which is more amenable
to our future discussion.

The idea is that a function f is di erentiable at a if it can be well-approximated by a linear
function su ciently close to a. In particular, if h is su ciently small, one would hope that there
exists anm such that

f(a+ h)= f(a)+ mh+error(h) (2.1)

where error(h) is the corresponding error in the linear approximation. For the approximation to
be good, the error should go to zero faster than linearly irh; that is,

im error(h) _

h! 0 h 0:

This leads us to the following equivalent de nition of di erentiability:

De nition 2.1 |
A function f : R! R is dierentiable at a2 R if there exists anm 2 R such that

Iimf(a+h) f(a) mh:

h! 0 h 0:

One can manipulate (2.1) to show that m = fYa) under the usual de nition. Of course,
everything we know about single variable calculus is still true: The product rule, the chain rule,
our theorems regarding di erentiability. We will not replicate the list here, for it is too large and
the student should be well familiar with it.

2.1.2 \ector Valued: R! R"

The rst and simplest generalization of the derivative comes from looking at vector valued functions
:R! R". Such function are often visualized as parameterized paths iR".
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2.1 Derivatives 2 Dierential Calculus

Example 2.2

1. Consider the function 1:[0;2 )! R2;t 7! (cos(t);sin(t)). By plotting the values of the
function for t 2 [0;2 ), we see that 1 traces out the unit circle in R?.

2. Themap ,:(0;1)! R2?givenby »(t)=(tcost);tsin(t)) is a spiral (see Figure 19b).

3. The function 3:R! RS3given by 3(t) = (t; cost);sin(t)) is a Helix (see Figure 19a).

ya X

(t) = (t; cost); sin(t))

(t) = (tcost);tsin(t))
(a)

(b)

Figure 19: Examples of parameterized curves and their derivatives. Left: A helix inR3. Right: A
spiral in R?.

_[ De nition 2.3 | R
We say that a function :R! R" isdierentiable if at tg if

_ . (to+h)  (to)
{to) = lim_ h

- lim 1(to + h) 1(t0);:::_ im n(to+ h)  n(to)
h!' 0 h h! 0 h

exists. If is di erentiable at every point in its domain, we will say that is di erentiable.

J

Thus a vector-value function of a single variable is di erentiable precisely when each of its
component functions is di erentiable, and the derivative may be computed by di erentiating
each component separately. For example, we can immediately deduce that the curve(t) =
(e'; costt?); (t2 + 1) 1) is di erentiable everywhere, since each of its component functions are dif-
ferentiable everywhere, and moreover its derivative is given by

2t

A= € 2tsint?); 1+ 2

Similarly, every curve given in Example 2.2 is di erentiable.
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Example 2.4

Determine the derivatives of each curve given in Example 2.2.

Solution. In every case we need only read o the derivatives of each component:

2t) = ( sin(t); cost))
g(t) = (cos(t) tsin(t);sin(t) + tcos())
) =(@; sin(t);cost)):

In the context of : R ! R" parameterizing a curve in R", its derivative {to) represents
the instantaneous velocity of the curve at that point (both the speed at the direction). The
corresponding vector is tangent to the curve. For example, see Figure-19.

Proposition 2.5

Letf;g:R! R"™and' :R! R be dierentiable functions.
L(f)°="%+"10
2. (f g)°=f°g+f g°
3.(Ff g)°=f° g+f goCif n=23).

In particular, since the cross-product is not-commutative, the order off and g matters.

Proof. We will do the proof for (2) and leave the others as an exercise for the students. Let

S HOam+  + TnOG)

fAtg(t) + fa()gRt) + + FIDa(t) + Fa(t)gl(t)
fAtat) + DM+ + Ao ()
+ fa()gi(t) + fa)g@d(t) +  + fa(an(t)
fqt) gt + f(t) g%v): m

d
gt F 9(®)

2.1.3 Multivariable R'I R

The previous section represented the simplest generalization of the derivative to multiple dimen-
sions. In this section, we will now examine what happens when our function takes in multiple
parameters. This situation is signi cantly more complicated: In the previous two sections, only
a single variable existed to be di erentiated. Now that our functions have multiple parameters,

making sense of how to meaningfully de ne a derivative becomes its own challenge.

Let f : R"! R be a function. We can visualize this function by thinking about its graph,

(f)= f(x;f(x)): x2R"g R":
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2.1 Derivatives 2 Dierential Calculus

of (X)

Rn

Figure 20: A function f : R" ! R can be visualized in terms of its graph.

as illustrated in gure 20. In this case, what does it mean to behave linearly? The correct notion
of a linear object in R"*! s that of an n-plane. An n-plane through the origin has the equation

CiX1+ CXz2+  + ChXp+ Ch+1Xp+r = C X =0:

In the case wheren = 1 then this reduces to c;x; + ¢ox2 = 0, which we recognize as a straight line
through the origin. If we instead would like this plane to pass through a pointa 2 R"*!, we can
change this to

0O=c (x a=cx c a

or equivalently, ¢ x = d for some constantd = ¢ a. The di erence between writing an n-plane as
c x=dandc (x a)=0is equivalent to the di erence between writing a line asy = mx + bor
in point-slope format (y yo) = m(X Xp).

For a multivariate function f : R" ! R, our generalization of being di erentiable at a point a
should then be that f behaves like ann-plane neara.

De nition 2.6 |

We say that a function f : R" ! R is dierentiable at a point a 2 R" if there existsc 2 R"
such that

__f(a+h) f(@ ch_
) Khk -

The constant c, if it exists, is called the gradient of f, and is often denotedr f (a).

0:

Recall that the limit h ! 0 means that we approachO from every possible direction, which is
why we had to use ann-plane to capture the idea of approaching the pointa from every conceivable
direction. One can show that the equation of the tangentn-plane at f (a) is given by Xp+1 =
f(a+r f(a) xsothatf(a+h) f(a) r f(a) h represents the error between between the value
of the function and that of the tangent plane. Once again, the condition on di erentiability means
that this error goes to zero faster than linearly.
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Example 2.7

Show that the function f (x;y) = x2? + y? is dierentiable at the point a = (1;0) with
r f (1;0) = (2;0). Determine more generally whatr f (a) should be for generala.

Solution. Let h = (hy;hy). Checking the de nition of di erentiability, we have

. f(a+h) f(@ r f(a h_ . f(@+hyshy) f(1;0) (2,0) (hy;h2)
lim = lim p
ht mbo khk ht o hZ + h3
m a+ h]_)_\2+ h% 1 2h;
h! 0 " hZ+ h2
_1+2h;+h3+h3 1 2h
= lim p
() hZ + h3
q

= i 24 n2 =
=i, M+ ng=o0

which is precisely what we wanted to show. More generally, lea = (x;y) and r f (a) = ( ¢1;Cp), SO
that di erentiability becomes

Iimf(X+ hi;y+ hy)  f(xiy) (c1;¢2) (hirhy)

h! 0 khk
- lim (x%+2xhy + h§)+(y+2r¥h2+ h)2 x2 y? chy  ghy
ht 0 h71+—h§
_jim M@ e+ ha@y )+ hi+ hi
ht' o h? + h3

If either 2x ¢1;2y ¢ 6 0 then this limit does not exist, which implies that ¢, =2x and ¢, = 2y;
that is, r T (x;y) = (2 X; 2y).

Remark 2.8

1. It was very necessary that we considered the entiré (a+ h) f(a) r f(a) h term,
since the cancellations were necessary to ensure that the limit exists. As such, we
cannot just drop the r f (a) h like we were able to do when our functions were maps
from R to R.

2. Notice that our gradient r f (x) = (2 x; 2y) contains the terms 2x and 2y which are
the derivatives of x? and y? respectively. So it seems like the gradient might still be
related to the one-dimensional derivatives.

Theorem 2.9

If f :R"! R is dierentiable at a then f is continuous at a.
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Proof. Sincef is dierentiable at a we have that

fa+h) f(a) r f(a) h

r!l!m0 [f(a+h) f(@ r f(a h]= pro KMk kKhk
. f(a+h)y f@ r f(@ h .
= am, khk am, khk
=0:
Since this limit exists, we can conclude continuity as follows:
h [
O:”mo [f(a+h) f(@ r f(a hlj+rf(a h
= Ir:[no[f (a+ h) f(a): O
Partial Derivatives: We take a small detour to develop some machinery before returning to

di erentiability. We have seen that it can be very di cult to capture how a limit approaches a
point in multiple dimensions, precisely because there are in nitely many possible ways to approach
a point. The same argument works for di erentiability: There is no obvious way of writing down
the rate of change of a function in in nitely many directions simultaneously.

However, we know from linear algebra that we do not have to be able to describe every vector
in R", only a nite subset of basis vectors, from which every other vector can be built through a
linear combination. We will apply this idea here, and determine the rate of change of the function
f in each of standard unit vectors.

_[ De nition 2.10 1

Write (X1;:::;Xp) to denote the coordinates ofR". If f : R" I R, we de ne the partial
derivative of f with respectto x; at a=(az;:::;an) 2 R" as
f . f(ag;::i;a+h;iica f(az;:::;a
@x hi' 0 h
That is, Of s the one-variable derivative off (x1;:::;%p) with respect to x;, where all other

variables are held constant.

,—| Example 2.11 J'

Determine the partial derivatives of the function f (x;y;z) = xy + sin(x?z) + z 2¢’.

Solution. Remember that when computing the partial derivative with respect to x;, we treat all
other variables as constants. Hence

@f _ 2
a@x y + 2Xxz cosx“z)
@f_ ., ¢

@y = 22

@f _ 2 2¢¥
@z X< cosi<z) a3
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It can be quite cumbersome to write 2 @x, so we will often interchange it with any of the following
when it is unambiguous:
@f

—_— 5 f; fyx: fi:
@x @ Q@ X i
This will be particularly convenient when we start taking higher order partial derivatives.

Recall in Example 2.7 we showed that iff (x;y) = x?+y?thenr f (x;y) = (2x; 2y) = ( @f; @f).
Is this just a coincidence, or does it hold more generally?

Theorem 2.12

If f : R"! R s dierentiable at a then the partials of f exist at a and
rf(a)= —( a);::1; ——(a)
Proof. This is actually a fairly natural result. If di erentiability means that the limit exists from

every direction and partial derivatives are only capturing information about a single direction, it
seems natural that one would imply the other.

More directly, let g = (Cr ; '{'Z'; ;0;:::;0) be the standard unit vector in the i-th direction. We
are going to use our knowledge that the function is di erentiable and approach along thei-th
coordinate axis. Indeed, leth = he; andr f (a) =(cp;:::;¢cy) so that

. fa+h) f@ r f(@) h
0= lim, Khk

= lim
h! 0 h

[Note: The nal equation above is always true, but how we arrive at it depends on the sign ofh.
Convince yourself of this!] Re-arranging gives@@—; = ¢. Since this holds for arbitrary i, we conclude
that x

ri(@=(@f:::;a,f): O

It is important to note however that the converse of this theorem is not true; that is, it is
possible for the partial derivatives to exist but for the function to not be di erentiable. Indeed, it
is precisely because the partials only measure the di erentiability in nitely many directions that
the converse direction does not hold. Consider

( X . . . .
fooyy= Feye (xy) 6(0:0)

0 if (x;y) = (0;0): (22

We know that this function is not continuous at (0 ; 0) (for example, approach along the liney = mx)
and so has no chance of being di erentiable at (00). Nonetheless, the partial derivatives exist at
(0; 0) since

@f . f(h0) f(0;0)___ . f(Oh) f(00) _
@00 i, O B =0 i JEREES - oo
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To arrive at a meaningful converse, we need to add an extra regularity condition:
Theorem 2.13

Letf :R"! Randa?2 R". If @f (x) all exist and are continuous in an open neighbourhood
of a, then f is di erentiable at a.

The proof of this theorem is very slick, but is not terribly enlightening. As such, we omit its
proof and leave it as an exercise for the student (the proof may be found in Folland). Once again
let f be the function in (2.2). Notice that its partial derivatives are given by

@f_ y® x| @f_ x® y%
@x (x2+y3)2' @y (x2+y?)?

and these functions do not have limits as X;y) ! (0;0) (try the line y = x). Hence the patrtial
derivatives are not continuous, and Theorem 2.13 does not apply.

_[ De nition 2.14 |
We de ne the collection of C! functions on U to be

@f exists and is continuous

CYR™R)= f:R"! R: bted -

That is, a function f is C1 if all of its partial exist and are continuous.

All C! functions are automatically di erentiable by Theorem 2.13; however, there are di eren-

tiable functions which are not C*. For example, the function
8

< 1 . H - -
(X2+ yZ)SIn pﬁ . if(x;y) 6 (0;0)

. (2.3)
0 if (x;y) =(0;0)

f(xy)=

is everywhere di erentiable, but its partial derivatives are not continuous at (0; 0).

Exercise: Show that (2.3) is di erentiable but its partial derivatives are not continuous at

(0:0).

We have presented a lot of theorems and counter-examples, so let's take a moment to summarize
what we have said:

Dierentiable )  Partials Exist | Theorem 2.12
Di erentiable 6( Partials Exist | Function (2.2)
Partials exist and continuous ) Di erentiable | Theorem 2.13
Partials exist and continuous 6( Dierentiable | Function (2.3)

Directional Derivatives: Partial derivatives gave us the ability to determine how a function
was changing along the coordinate axes, but what if we want to see how the derivative is changing
along other vectors? This is done via directional derivatives:
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_[ Denition 2.15 |

Letf :R"! Randa?2 R". If u2 R"is a unit vector (kuk = 1) then the directional
derivative of f in the direction u at a is

. f(a+tu) f(a) d .
Q@f (a)—I{!m0 i = atzof(a+tu).

This represents an idea that is prevalent throughout mathematics, and especially the eld

of dierential geometry. First of all, notice that :R! R" given by (t) = a+ tu is the
straight line through a in the direction of u, and hence is a curve. By composing withf , we
getg = f :R! R"! R which is just a normal, one-variable function, and hence can be

di erentiated as normal. We know that {t) = u is the velocity vector of the curve, so to see how
the function behaves in the directionu we look at how the function f behaves in a neighbourhood
of our point a, and di erentiate at t =0 to get the behaviour in this direction.

Example 2.16

Determine the directional derivative of f (x;y) = sin(xy) + €* in the direction u = pl—g(l; 2)
at the point a=(0;0).

Solution. We can proceed by direct computation:

d f(a+ tu)= d f 19'[—192L
dt 1o dt 1o 55
-4 sin 22 +¢= 5
2.5 1 "5
= -t -t + p=
5 cos z %e .
_ p£
5

Theorem 2.17

If f : R" ! R is dierentiable at a, then for any unit vector u, @f exists. Moreover,

@f (d=rf(a) u.

Proof. The idea is almost exactly the same as Theorem 2.12. We will approach along the lire+ tu
and use di erentiability to conclude that the limit exists. As such, let h = tu fort 2 R, so that

fa+h) f(a r f(a) h

0=lm, khk
— lim f(a+tu) f(a) trf(a) u
tl o t
= gm BFW)T@

th 0 t
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Re-arranging, we get@f (a) = r f(a) u as required. O

Example 2.18 }

Verify the result from Example 2.16 by using the above theorem.

Solution. Our function f (x;y) = sin( xy)+ €* is clearly di erentiable, as its partial derivatives exist
and are continuous:

Q@f _ . @f_ :
ax ycosfy) + €°; oy X cosxy):

At the point a = (0;0) the gradientisr f (0;0) =(1;0), and so

. —-— . — . 1. 2 — l.
@f (0;0)=r 1(0:0) U=(1;0) PP = Py

Exercise: Show that the converse of Theorem 2.17 is false; that is, there is a function in

which every directional derivative exists at a point, but the function is not di erentiable.

2.1.4 FRunctions R"! RM

Our motivation for de ning the derivative thus far has been that a function is di erentiable if it
can be approximated by a linear function, with an error that tends to zero faster than linear. In
such instances, that linear approximation is what we call the derivative. The same story will hold
for functions f : R" ! R™,

So what does it mean for a functionL : R" ! R™ to be linear? Here, the word linear has the
same interpretation as it does inlinear algebra; that is, for every x;y 2 R"

L(ax + by) = aL(x) + bL(y):

The student is hopefully familiar with the fact that such maps can be represented by matrices, with
respect to some basis. In particular, ifL : R"! R™ then L must take an n-vector to an m-vector,
and thus must be anm  n-matrix, say A. In this basis, we can write L (x) = Ax. Thus we would
like to say something along the lines of \A functionf : R" ! R™ is di erentiable at a 2 R" if there
exists a matrix A such that

f(a+ h)= f(a)+ Ah +error(h):

Solving for the error we get
error(h) = f(a+ h) f(a) Ah:

For this approximation to do a good job, the error should tend to zero faster than linearly, leading
us to the following de nition:
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_[ De nition 2.19 |

A function f : R"! R™ is di erentiable at the point a 2 R" if there exists anm n matrix
A such that

. kf(a+ h) f(a) Ahkgnm
lim
h! 0 khkgn

We often denote the quantity A by Df(a), referred to as the Jacobian matrix.

,—| Example 2.20 }

Let f : R®! R2 be given byf (x;y;z) = (x%xz + y)T. Show that f is di erentiable at the
point a=( 1;1;0) with

=0: (2.4)

20 0
Df@= & :

1

Solution. Let h = (hg;hy;hg) sothata+ h=( 1+ hy;1+ hy;hs). Computing the numerator, we
get

0 1
h
_ h? 2hi+1 1 20 0 g'a
ki(a+h) f(&) Di@hk= | 5 L 1 01 1 @22
3
h% q 4 212
hihs hi + hih3
g

hy h2+ h:

We will have to proceed by the Squeeze Theorem. Taking the entire di erence quotient into
consideration, we have

ki(a+h) f(a) Ahkgn _ nhlIO h2+ h2 hAp h2+hZ _

khkg, T PhenZ+n T hZeng

As both the upper and lower bounds limit to O, we conclude thatf is di erentiable as required.

We would like to nd a much better way of determining Df(a) than using the limit de nition.
If f is di erentiable, then

lim kf(a+h) f(a) Df (a)hk=0:

Furthermore, the norm of a vector tends to zero if and only if each of its terms also tends to zero.

im Afi@+h) fi(@ [Di@L hj_

o khk 0:

Notice that this is exactly the de nition of the gradient, and so [ Df(a)]; = r fi(a). We thus get
the following result for free:
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Proposition 2.21

If f:R"! RM™is given by f(x) = (f1(x);:::;fm (X)), then f is di erentiable if and only if
each of thef; : R" I R is di erentiable, and in this case

0 1
@ @f @f
@x @x% @x
@b @b @b
Df(a)= g @* ©* @%
@fh  @fh @f
@x @x @x

Example 2.22

Determine the derivative of the function f(r; )= (r sin( );r cos()).

Solution. By de nition, the derivative is the matrix of partial derivatives, so we can compute this
to be
sin() rcos()

dr(r; )= cos() rsin()

Example 2.23

Determine the derivative of the function f(x;y; z) = ( xy; z sin(xy); €).

Solution. Once again, we compute the matrix of partial derivatives:

0 1
y X 0
df (x;y;z) = @zycosiy) xzcosky) sin(xy)A :
ze¥ 0 xex?

2.2 The Chain Rule

Given two functions g : RK! R" andf : R" I R™, their composition is given by f g : RK!
R 1 RM™, Just as was the case in one-variable, we would like to determine when this new function
is di erentiable, and how to write its derivative in terms of Df and Dg.

Let's start by looking at what happens in one dimension. Ifk = n = m =1 then the derivative
off gisgivenby f g)%a)= fYg(a))gYa). For more generalk;n; and m, we know that Df is
anm n matrix, Dgisann k matrix, and D(f @) needs to be anm k matrix. There is only
one way to combine these matrices:
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Theorem 2.24: Chain Rule

Let g:RK! RMandf:R"! R™. If gis dierentiable at a2 R and f is di erentiable at
g(a) 2 R", then f g is di erentiable at a, and moreover its derivative can be written as

D(f 9g)(a)= Df(g(a))Dg(a):

The proof of the Chain Rule in even a single dimension is tricky. The addition of multiple
dimensions only serves to make the proof messy, so we will omit it. Here now it is important to
make the distinction between which objects are treated as rows and which are treated as columns.
If f :R"! R™ then Df(a) should reduce a gradient whenm = 1, and should be curve derivative
when n = 1. In particular, this implies that the gradient of a function R" ! R is arow vector,
while the derivative of a function R! R" is a column vector.

There are a few notable cases that we should take into account. Leg : R! R" andf :R"! R
sothatf g:R! R. Bythe Chain Rule, we must then have

S ow=riw ot

@f @f

- 0 0 (1Y
= = g+ + =—  gy(t):
@% g @% g
Using Leibniz notation, let y = f(x) and set (X1;:::;Xn) = g(t) = (gu(t);:::;0n(t)) so that
gXt) = dditi. Our derivative now becomes
g f g)= @@+ + @/@
dt @x Ot @x Ot

Once again, it seems as though the derivatives are “cancelling,’ though this is not the case.

Example 2.25 )

Let g(t) = (sin( t);cost);t?) and f (x;y;z) = x?+ y2+ xyz. Determine the derivative of f g.

Solution. One does not need to use the chain rule here, since we can explicitly write
f (g(t)) = f(sin(t); cost);t?) = sin 2(t) + cos?(t) + t?sin(t) cos(t) = 1 + t?sin(t) cos(t);

and di erentiating yields
;Itf (g(t)) = 2 tsin(t) cos(t) + t>cos(t) t2sin?(t):

Let's see that we get the same answer with the chain rule. We know thag{t) = (cos(t); sin(t); 2t)
andr f(x;y;z)=(2x + yz;2y + xz;xy) so that
r f(g(t)) g¥t) = (2sin(t)+ t?cost); 2cosf) + t2sin(t);sin(t) cost)) (cost); sin(t);2t)
= 2sin(t)cos(t) + t?>cost) 2cosf)sin9t) t2sin?(t) + 2t cost)sin(t)
= 2tsin(t) cos(t) + t2co(t) t2sin’(t):
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2.2 The Chain Rule 2 Di erential Calculus

Nowletg:R"! RMandf :R™! Rsothatf g:R"! R. The Chain Rule tells us that

r(t g)(x)=rf(a(x))Da(x)

0 1

@9 @g @g
o e e
@ Qg @g

_ @f . @f @t @ @i

@x' T @x : : :

@8 Q@ @g
@t Ot @t

Thus if we sety = f (x) and x = g(t) then

@(f g)(x): Qy@)‘{+gy@!+ +@/@X:
@it @x @t @x Ot @x Ot

Example 2.26

Let f (Xx;y;z) = xz + €% and g(t1;t2) = (t1;t2;t1t2). Determine r (f Q).

Solution. This can again be computed by hand. Notice that
(f g)(t1;t2) = f(t1;to;tatn) = t3to + elats

and so
r (f g)(tln 1:2) = 2tlt2 + t%etltg;t% + ztltzetlt%

On the other hand, r f = (z;z€%;x + ye&¥?) so by the Chain Rule
0 1
, , 1 0
r(fg)(tyta) = (tato; tatpe''2;ty + tpe''2) @0 1A
o t1

2 2 2
=yt + tato + t5€'1%2; tyto€! 2 + 12+ tytpeMt

= 2tyty + 31 1] + 2t tpeht

The next example isifg: R! R"andf :R"! R™. The compositionisamapf g:R! R™
and so in this case the Chain Rule tells us that

%(f g)(t) = Df(g(t)) gqt):

Let f(x;y) = (xy;x + y;x V) and g(t) = (t;t%). Compute % f g)(t).
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Solution. Explicitly computing the map, we have

f g)t)=(t5t+t%t )7

and so q
a(f g)(t)=@Bt%1+2t;1 2t)':
On the other hand, 0 1
Yy X
Df(x;y)= @ 1A, =127
1 1
so by the Chain Rule 0, 1 0o _,1
q t t 1 3t
—(f g)(t)= @1 1A o = @1 + 2tA ;
dt 11 1 2t

Finally, we do an example using the full Chain Rule:

Example 2.28 )

Let g(r;s) = (r + rs;r?;s?) and f(x;y; z) = (y?+ z2;xy). Determine D(f g).

Solution. One can check that

1+s r

Dg(r;s)= @ 2r O0A; Df(x;y;z) = 0 2)): Zé :
0 2 y
so that by the Chain Rule we have
01+s r1
= 0 27 2¢? _ 43 4s®
DI 0rs)= 2 1445 o @ 2{) s rit3ris ol

Exercise: In Example 2.28 we used the Chain Rule without explicitly computing the map
f g. Write down the map f g, compute its derivative, and verify the result of Example

2.28.

An intuition for the derivative: For functions f : R! Randg:R"! R we had a way of
visualizing the derivative: in the former casef a) described the slope of the tangent line through
a, while in the latter case r g(a) de ned a tangent plane. In the case of functionsR" ! R™, the
visual picture becomes somewhat more complicated.

It is important that we get away from the idea of thinking of such maps as curves or graphs,
since neither of these ts into this context of multivariable vector valued maps. Instead, we must
truly think of a function as a black-box, which takes an input (elements of R") and delivers an
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(b) The function f (x;y) = ( x cosfy); x sin(y)) acts on an orthogonal grid in the way pictured.

Figure 21: One can visualize mapRkR" ! R™ by how they map orthogonal grids.

output (elements of R™). If we are lucky and m = n, we can try to visualize how such functions
work by looking at how orthogonal grids transform (see Figure 21).

So what should derivatives do in this regime? The idea is roughly as follow: Given a point
a 2 R" and an in nitesimal change in a direction u, we want to characterize how our function
transforms that in nitesimal change. Alternatively, pretend that we are driving a car in R" and
our path is described by the curve :R! R" and satis es

) = a; %0) = u;

that is, we pass through the point a at the time t = 0 and here we have a certainly velocity
vector u. Now let f : R" ! R™ be a di erentiable (hence continuous) function. The composition
f :R! RMisapathin R™, andso f )Y0) = v describes the velocity vector at the point
(f  )(0) = f(a). By the chain rule, we know that

v=(f )%0)= Df(a) 10) = Df(a)u;

namely, Df(a) describes how our velocity vectoru transforms into the velocity vector v. In fact,
this holds regardless of the choice of curve througla, and so

\ Df(a) describes how velocity vectors througha transform into velocity vectors through
f(a)."

This is illustrated in Figure- ??.
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2 Dierential Calculus 2.3 The Mean Value Theorem

Change in scale:  The quantity Df(a) represents how velocity vectors transform at the pointa.
If f :R"! R" then Df(a) is actually a square matrix. A result that the student may be familiar
with is that given a linear transformation A : R"! R" and a setS, then

Area(A(S)) = det( A)Area(S):

Of course, we have not been very careful by what the word area means, but this is something we
will x in a later section. Thus Df(a) can tell us information about how in nitesimal volumes
change neara, and leads to the following:

De nition 2.29 |

If f :R"! R" is dierentiable at a, then we de ne the Jacobian (determinant) of f to be
detdf (a).

The Jacobian will appear a great deal in later sections, but we will not have too much occasion
to use it now. The idea is that the Jacobian describes in nitesimally how areas change under the
map f .

Example 2.30 )

Determine the Jacobian determinant of the mapsf(r; ) = (rcos();r sin( )) and g(x;y) =
(x+y;y?).

Solution. These are the maps plotted in Figure-21, and it is a straightforward exercise to compute
the Jacobian matrices to be

cos() rsin( )

Df(r, )= sin() rcos()

1 1
Do(xy)= o o
Thus taking determinants, we get the Jacobian determinants

detDf(r; )= detDg(x;y) =2y:

2.3 The Mean Value Theorem

The Mean Value Theorem is one of the most interesting theorem of mathematics. It appears
relatively innocuous at rst sight, but leads to a plethora of powerful results. In this section we
will take a brief moment to examine whether the MVT generalizes to multiple dimensions, and if
so how that generalization takes hold.

To begin with, we recall the statement of the Mean Value Theorem:
Theorem 2.31: Mean Value Theorem

If f :[a;b! R is continuous on f;b] and di erentiable on ( a;b), then there existsc 2 (a;b)
such that
f(b) f(a=fY)(b a): (2.5)

One can apply the MVT to prove several important results, such as the following:
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yl\
f (b)

_f(b) f(a)
f(a) slope =53
X

a b

Figure 22: The Mean Value Theorem says that there is a point on this graph such that the tangent
line has the same slope as the secant between;{ (a)) and (b; f (b)).

1. If f :[a;b! R is dierentiable with bounded derivative, say jf {x)j M for all x;y 2 [a;H],
thenjf(y) f(x)j Mijy x.

2. 1f fqx) 0 forall x 2 [a;H then f is the constant function on [a; 4.

3. If f{x) > 0 for all x 2 [a; b then f is an increasing (and hence injective) function.

This is but a short collection of useful theorems; naturally, there are many more.

As a rst look at whether or not the MVT generalizes, we should consider functions of the type
f:R! R". If one were to guess as to what kind of statement a mean value theorem here might
have, it would probably be something of the form:

\If f:[a;b! R"is continuous on Rg;b and di erentiable on (a;b) then there exists a
c 2 [a; [ such that

f(h) f(a)=fYo)(b a):®

One should check that the equality sign above even makes sense. The left-hand-side consists of a
vector in R", while the right-hand-side consists of multiplying a scalar @ a) with a vector fYc).
Okay, so the result does make sense. However, applying this to even simple functions immediately
results in nonsense.

For example, consider the functionf : [0;2 ]! R3 given by f (t) = (cos(t);sin(t)). This
certainly satis es our hypotheses, as it is every continuous and everywhere di erentiable. On the
other hand, f (0) =(1;0)andf (2 )=(1;0)sothatf (1) f(0)=(0;0). However, this would then
imply that there exists a ¢ such that

(0;0)=( 2 sin(c);2 cos())

and this is impossible, since there is no point at which both sin{) and cos¢) are zero.

There is a way to x this, but we are not interested in how to do this at the moment.
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2 Dierential Calculus 2.3 The Mean Value Theorem

So vector-valued functions fail to admit a generalization of the MVT. Do real-valued multivariate
functions have a version of the Mean Value Theorem? The answer is a rmative, and the key lies
with the Chain Rule.

Theorem 2.32: Mean Value Theorem for Multivariate Functions

Let U R" and let a;b 2 U be such that the straight line connecting them lives entirely
within U. More precisely, the curve :[0;1]! R" given by (1) =(1 t)a+ tb satises

()2 U forallt2[0;1]. Iff : U! R is a function such that f is continuous on [Q 1]
and di erentiable on (0;1), then there exists atg 2 (0;1) such thatc = (tp) and

f(b) f(@=rf() (b a)

Proof. The idea is that we have used the chain rule to reduce this multivariate function to a real-
valued function of a single variable. Thinking of the line (t) = a(1 t)+ tb as a copy of the
interval [0; 1] inside of U, restricting f to this line gives a function f :[0;1]! R to which we
can apply the original MVT.

More formally, we know that f :[0;1]! R is continuous on [Q 1] and di erentiable on (0; 1),
so by the Mean Value Theorem there existdo 2 (0; 1) such that

f X ¢ H=(f )HYto)a Oy

Now (f )Q) = f( (1) = f(b) and (f )(0) = f( (0)) = f(a). In addition, the Chain Rule
tells us that

(f )to)=rf( (to) Yt)=rf(c) (b a):
Combining everything together, we get
f(b) f(@=rf(c) (b a);
as required. O
Important to the statement of the Mean Value Theorem is the fact that the line segment

connecting a and b lives entirely within U. Conveniently, we have already seen that convex sets
satisfy this property for any pair of points within the set.

Corollary 2.33

If U R"isconvex andf : U! R is a dierentiable function such that jr f(x)j] M for
all x 2 U, then for every a;b 2 U we have

jt(b) f(a)j Mjb aj:

Corollary 2.34

If U R"isconvex andf : U! R is a dierentiable function such that r f (x) =0 for all
X 2 U, then f is a constant function on U.
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2.4 Higher Order Partials 2 Dierential Calculus

Exercise: The proofs of Corollaries 2.33 and 2.34 are almost identical to their single variable

equivalents. Prove these theorems.

2.4 Multi-indices and higher order partials
2.4.1 Second-Order Partial Derivatives

For di erentiable functions of the type f : R! R, a lot of information about f could be derived
not only from its rst derivative fC but from its higher order derivatives f (). For example, if f
represents some physical quantity such as position as a function of time, we know thatt? is its
velocity, f %is its acceleration, andf @ is its jerk. This means that the higher-order derivatives are
essential when modelling di erential equations. We used an in nite humber of derivatives when
computing Taylor series, and we exploited the second derivative test to determine optimality of
critical points. All of these applications and more will extend to functions f : R" ! R.

The rst step is second-order derivatives; that is, to di erentiate a function twice. Interestingly
though, we now have many dierent ways of computing a second derivative. For example, if
f :R?! R then there are four possible second derivatives:

@ of @ ©f @ of @ Of
f== — ; = = — = = — = = =
M oxex’ ¥ Texey’ FTaeyex' 9T eyey
The terms @xf; @yf are calledpure partial derivatives, while @y f, @xf are called mixed partial

derivatives. In general, given a functionf : R" | R, there are n? di erent second-order partial
derivatives.

Example 2.35

Determine the second-order partial derivatives of the functionf (x;y) = €Y + x?sin(y).

Solution. This is a matter of straightforward computation. The rst order partial derivatives are

given by
@f . @f
— = ye¥ +2xsin(y); =
ax V (v) @y
To compute the second order partials, we treat each of the rst order partials as functions of and
y and repeat the process:

@f = y%eY +2sin(y) @yf
@f = &Y+ xye¥ +2xcosfy) @Qyf

= xe¥ + x2cosfy):

eY + xye? +2x cosfy)
x2eY  xZ?sin(y):

Interestingly, note that @«f = @yf.

Example 2.36 )

Determine the second-order partial derivatives of the functionf (x;y) = €%s®¥),
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Solution. The rst order partial derivatives are given by
@f = ysin(xy)e®s®);  @f = xsin(xy)ets®):

The second order derivatives are given by

@ f = ) yZsin?(xy)  y?cosfy)

@f = ) xysin®(xy) xycosfy) sin(xy)

@xf = ™) xysin’(xy) xycosfy) sin(xy)

Qyf
Here we still have @yf = @Qxf .

eostY) x2sin?(xy)  x2cosky) :

The fact that @«f = @yf in Example 2.36 is a consequence of the symmetry of the function
f(x;y) = e°os&)  However, somewhat more surprising is that in both of the previous two examples
our mixed partial derivatives were the same. It turns out that this is a fairly common occurrence.

Theorem 2.37: Clairut's Theorem

Letf :R"! Rbeafunctionanda2 R" apoint. Let i;j 2f1;:::;ngwith i 6 j. If @f (a)
and @ f (a) both exist and are continuous in a neighbourhood ofa, then @ f (a) = @ f (a).

This is a technical theorem, and to present a readable version of this proof will require some sort
of sophistry (either making an argument about the ability to interchange limits, or an argument
about the existence of points in the Mean Value Theorem). In either case, we encourage the student
to think hard about this theorem, but to not worry about the proof. To make our lives a little bit
easier, we introduce the following class of functions:

De nition 2.38 |

Let U R" be an open set. We de neC?(U;R) to be the collection of f : R" | R whose
second partial derivatives exist and are continuous at every point inU.

If f is a C? function, Clairut's theorem immediately imply that it's mixed partial derivatives
exist, are continuous, and hence are equal.

2.4.2 The Chain Rule

Despite having constantly and consistently cautioned against treating di erentials as fractions,
there have not been too many instances to date where ignoring this advice could have caused any
damage. Here at last our e orts will be vindicated, as we show the student some of the deeper
subtleties in using higher-order partial derivatives in conjunction with the chain rule.

Let's start with a simple but general example. To make a point, we will write all partial
derivatives using Leibniz notation. Let u = f(x;y) and suppose that both x;y are functions of
(s;t); that is, x(s;t) and y_(s;t). Let's say that we wish to compute % Using the chain rule, we
can nd the rst order partial as

Qu_ @@x, @@y

@s @x@s @y@s
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Next, we again take a partial derivative with respect to s, to get

Gu_ @ Qu_ @ @U@x, @ QWy

@3 @s@s @s@x@s @s @y@s

Now realize that sinceu = f (x;y) is a function of x andy, 33 is also a function of ;y). Thus to
di erentiate this function with respect to s, we must once agaln use the chain rule. Thus looking
at only the rst summand, we have

@ @Wx _ @Qu @x, @udx o
@s @@s @@x @S @x@3
@U@x @u @y @x, @udx
@%@s @x@@s @s @x@3

_ @u @x? @u @)@X @UaBX

T @ @ @ @x@e@@s @x@3

chain rule

What a mess! A similar computation on the second summand yields

@ @uy _ @u @y @u @ya@x, @udy

@s @@s @) @s = @x@P@s @@

Putting everything together:

@u_ @u @x° , @u @y* .o @u @@x QWx Q. (2.6)

@3 @R @s @ @) @s @x@@@s @x@3 @y@3

This is only a single partial derivative. The same procedure must also be used to comput@y u
and @yu. These are left as exercises for the student.

Exercise: Hurt your brain a little bit more! Let u = f (x;y;s) and x(s;t) and y(s;t). Now

determine @su.

2.4.3 Higher-Order Partials

We have limited our discussion to just second-order partial derivatives, in hopes that this simplest
of cases would serve as a gentle introduction. Even in this case though, Equation (2.6) shows
that things can get unpleasant very quickly. We begin by generalizing Clairut's theorem to higher
dimensions.

De nition 2.39 |

If U R"is an open set, then fork 2 N we de ne CK(U;R) to be the collection of functions
f : R" ! R such that the k-th order partial derivatives of f all exist and are continuous on
U. If the partials exist and are continuous for all k, we say thatf is of type C! (U;R).
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Theorem 2.40: Generalized Clairuit's Theorem

Iff :U R"! Ris of type CK, then

@i f = @ f
whenever (1;:::;ix) and (j1;:::;jk) are re-orderings of one another.
Notice that
cku;r) c* Y(U:rR) ck 2(U;R) cH(U:R):

So in particular, if f is of type CX, then we know that the mixed partials all agree up to and
including order k.

Now let's make sure that we understand what Clairut's theorem is saying. For example, if
f :R31 R s of type C%, then the theorem doesnot say that all the fourth order derivatives are
the same (there are 81 fourth order derivatives). Rather, the theorem says the partial derivatives
of the same “type' are equivalent:

@yzf, @yxzfi @yaxfi @z fi  @xexfi  @zxxf,
@y fi @axyfi @ayxfi @xxyfi @xyxfi  @yxxf:

The point being that every partial derivative above consists of exactly two x-derivatives, one y-
derivative, and one z-derivative.

2.4.4 Multi-indices

When a function is of type CK, then we know that in computing a k-th order derivative the order of
the derivatives does not matter, only the total number of derivatives we take with respect to each
variable. This suggests a very convenient notation. In the above example, we can write (2;1) to
capture the fact that we are di erentiating the rst variable twice, the second variable one, and
the third variable once. This leads us to the notion of a multi-index.

A multi-index is a tuple of non-negative integers =( 1;:::; n). The order of is the sum
of its components
jj= 1+ 2+ + nl

We de ne the multi-index factorial to be

= 40 5! nh

— 1 2
X = Xg'Xp2 Xy

andif f :R"! R we write
@

@= Q@x*@x? @x“:
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The multi-index factorial and exponential will be crucial pieces of notation in the following
section. For now, we would like to capitalize on partial derivative notation. So for example, if
f :R*! R and we endowR* with the coordinates (x;y; z;w), then

@00 = @f @%tLof = Q-f; @010 = @, f;: @ v2Vf = @zzwf:

et cetera.

2.5 Taylor Series
2.5.1 A Quick Review

Before talking about how multivariate Taylor series work, let's review what we learned in the single
variable case. We have seen that the derivative can be used as a tool for linearly approximating a
function. If f is di erentiable at a point a, then for x near a we have the approximation

f(x) f(@+ fYa(x a):
Note that this is also sometimes written in terms of the distanceh = x a from a, so that
f(a+ h) f(a)+ fYa)h:

Again, the top equation is a function of the absolute position x, while the bottom equation is a
function of the relative distance h. The relationship between these two representations of Taylor
series are akin to the two equivalent de nitions for the derivative at a:

_en () f(@ _ .  f(a+h) f(a),
e T T

Now one can extend the conversation beyond just linear approximations, and introduce quadratic,
cubic, and quartic approximations. More generally, given somen 2 N we can setppa(X) =
cx"+ Cy 1X" 1+ +cyx+ o and ask what conditions on thec guarantee that f (9 (a) = p{(a).
This is a fairly straightforward exercise, and the student will nd that

_109(a).

X5 (k)
K so that  ppa(x) = (@

k!

(x a)<

k=0

In order to ensure that this is a good approximation, we need to look at the error termrp.a(X) =
f(X) Ppna(x). In particular, for pn.a(x) to represent a goodk-th order approximation to f, we
should require that the remainder tends to zero faster thank-th order; that is,

Ma(X) _ ..
xI'a(x a)k =0:

There are many di erent approximations to rn.3(x), which vary depending on the regularity of the
function (is f of type C" or C"*1?), or on the technique used to approximate the error. In general
we will only be working with C! functions, so we are not going to concern ourselves too much
with regularity. It is quite a mess to introduce all of the technical approximations, so we content
ourselves with only deriving a single one, called.agrange’s form of the remainder
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Lemma 2.41: Higher Order Rolle's Theorem

Assume thatf : R! R is continuous on ;b and n + 1 times di erentiable on [ a;b. If

f (+D) (¢) = 0.

Proof. All of the conditions of Rolle's theorem apply with f (a) = f (b), so there exists a 1 2 (a;b
such that fq ;) = 0. Similarly, we know that f°is continuous on p;b and dierentiable on
(a;b), and fqa) = fq 1) = 0, so there exists » 2 (a; 1) such that f %9 ,) = 0. We can continue
inductively in this fashion, until fM(a)= fM( ), so that there existsc:= n+1 2 (&, n) (a;b
such that f ("*1 (c) = 0, as required. O

Theorem 2.42: Taylor's Theorem with Lagrange Remainder

Suppose thatf is n+1 times di erentiable on an interval | with a2 |. For eachx 2 | there
is a point c betweena and x such that

f (n+1) (C)

W(x a)"tt: (2.7

Mma(X) =

Proof. Assume for the moment that x > a and de ne the function

_ (t a

g(t) = rna(t) rn;a(x)m

so that g(a) = g(x) = 0. Writing rna(t) = f(t) pna(t) we have
f %Ra) f(M(a) (t at

gt) = f(1) fRat a) > a)? t a" rna(x)

n! (x an+l’
It is straightforward to check that

f (”)(a) (n+1)! (t a)n+1 k

g =91 W@ f*V@x a) (t a" " rpa(x)

(n k) (n+1 k) (x an+t
so that gK)(a) =0 forall k =1;:::;n. By the Higher Order Rolle's Theorem, we know there exists
ac2 (a;x) such that g™ (c) = 0, but this is precisely equivalent to

_ 1) [ — 1 (n+1)!
0= g(n+ ) (g=f1 (n+1) (c) rn;a(X)m
we we can re-arrange to get (2.7). O

Corollary 2.43
If f is of type C"*! on an open interval | with a2 |, then

I'n;a(X) _
x"ajx ajn
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Proof. Sincef is of type C"*1 we know that f ("1 s continuous onl. Sincel is open anda 2 I,
we can nd a closed interval J such thata2 J 1. By the Extreme Value Theorem, there exists
M > 0 such that that jf ("D (x)j M for all x 2 J. Sincef is n+ 1 times di erentiable in a

neighbourhood ofa, Theorem 2.42 implies that

()i _ D (9jjx  a"*t?
lim = — = . . c depends on  x
xl'ajx @ x'a (n+1)! jx an

=M e 9

=0:

The result then follows by applying the Squeeze Theorem to

irn:a(X)] M:a(X) irna(X)j
jx a" jx a" jx an’

O]

This corollary implies that the Taylor remainder is a good approximation, since the error van-
ishes faster than ordern. Moreover, in the proof we found that we could boundry.5(x) as

Jrnza(X)] x &t (2.8)

M
(n+1)!

for someM > 0. This allows us to determine error bounds on Taylor series.

Example 2.44

Let f (x) = sin( x) and g(x) = €. Determine the number of terms needed in the Taylor series
to ensure that the Taylor polynomials at a = 0 are accurate to within 8 decimal places on
[ 1;1].

Solution. This is a problem you might have if you worked for a classical calculator company. If
your calculator is only capable of holding eight signi cant digits then you need only ensure accuracy
to eight digits, so you need to determine how many terms of the Taylor polynomial you need to
program.

For f (x) = sin(x) we know that regardless of how many derivatives we takejf (K (x)j 1 for
all x, and since we are looking at the interval [ 1; 1], we know that jx aj = jxj 1. Substituting
this information into (2.8) we get that jrna(x)j [(k+1)!] 1. We need to nd a value of k such
that 1=(k + 1)! < 10 8. The student can check that this rst happens whenk = 11.

Similarly, for g(x) = € we know that g(¥)(x) = €, and on the interval [ 1;1] we can bound
this as jg® (x)j < 3. We still have jx aj < 1, so (2.8) gives ugrna(x)j 3[(k+1)!] %, which also
becomes smaller than 108 whenk = 11.

2.5.2 Multivariate Taylor Series

Just like with the Multivariate Mean Value Theorem, we will introduce the multivariate Taylor
Series by examining what happens when we restrict our function to a line. For simplicity, assume
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that S R" is a convex set and choose some poirt = (al;:::;a") 2 S around which we will
compute our Taylor series forf : S! R. Let xo = (x3;:::;x3) 2 S be some point at which we
want to compute f (xg) and consider the line

t)=(1 tla+txg=a+t(xe a):

Pre-composingf by we getthe functiong: R! R;g(t) = f( (t)). Notice that g(0) = f (a) and
g(1) = f (x). Furthermore, since g is a real-valued function of a single variable, it admits a Taylor
polynomial centred at 0, which can be evaluated att = 1.:

X gk
(1) = g k!(O) + remainder: (2.9)

k=0

Let's look at the derivatives of g. The rst derivative is easily computed via the chain rule, and we
get
g)=(x0 a) rf(a+t(xo a):

; — @..... @
If we think of r = o e then we can de ne a new operator
— 1 1 @ n n @
Xo @ r =(xg a)—+ +(xg a)—;
(Xo @) (Xg )@x (Xg )@}4

andgqt)=[(xo a) r ]f(a+ t(xo a)). Dierentiating k-times in general will give us
g M =[(x0 @ rlf(a+txo a):
Substituting this into (2.9) and evaluating at t =0 we have

X (xo a) r]*f(a).

f(x)= K

k=0

This is theoretically complete, but computationally quite messy. Let's see if we can get a better
grip on what these operators [ko a) r ]¢ look like. For the sake determining what this looks
like, let n =2 and a=(0;0), so that

[(xo a) rJ°f

[Xo 1 J[Xofx + Yofy]

Xo[fxx + Yofxy] + Yo[fyx + Yofyy]

ng xx + XoYof xy T YoXof yx T y(%f yy
XgZ;O@z;O)f +2Xgl:1)@1;1)f + XéO;Z)@p;z)f:

Notice that we get a perfect correspondence between the coe cient and the derivatives. For exam-
ple, the coe cient of fyy is yoXo. The last line is written in multi-index notation, where the order
of every multi-index in 2. One can imagine this also works for generah and generala, so that

‘ X ki
[(xo @) r]f= —(@H)@xo a) :

=k

In conclusion, the equation for our multivariate Taylor polynomial is given by
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Multivariate Taylor Polynomial

X
= @D

i

(x @) +rpa(x)

Example 2.45

Determine the 2nd order Taylor polynomial for f (x;y) = sin(x2 + y?) about a = (0; 0).

Solution. We have collected the data in a handy table below:

j L (x a) @f @ f (a)
0 |(;0)| 1 1 sin(x? + y?) 0
11,01 X 2x cosx? + y?) 0
171G (1 y 2y cosfx® + y?) 0
2 1(2;0)| 2 x2 2cosk? + y?)  4x?sin(x? + y?) 2
2 1(0;2)] 2 y? 2cosk? + y?)  4y?sin(x? + y?) 2
2 [ (1;1)] 1 Xy 4xy sin(x? + y?) 0

Putting this information together, we get the relatively simple Taylor polynomial sin( x? + y?)
24 2
X<+ ye.

Example 2.46

Determine the 2nd order Taylor polynomial for f (x;y) = xeY at a =(0;0).

Solution. Once again, we collate the data in the following table:

j ] (x a @f @f(a)
0|(©;0)] 1 1 xeY 0
11,01 X ey 1
1011 y xey 0
2 1(2;0)] 2 x?2 0 0
2 1(0;2)| 2 x? xeY 0
2 1 (1)1 Xy ey 1

which gives us the Taylor polynomial xe¥  x + xy.

Something interesting is happening here: We know that the Taylor series foe* and sin(x) are
)Q- Xk )4 ( 1)kX2k+l -

T osin) =
o K y (@k+1)

e =
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It is tempting to substitute the appropriate polynomials in ( X;y) into these expressions:
n )4 k# )(h k
o= x Y
k! k!
k=0 k=0

2 3

xy2 xy

= X+ XY+ 2+ 4
XTS5 g

R 1K(x2+ y2)2ke

2k + 1)!

(XZ + y2)3 .
3l

sin(x? + y?) =
k=0

= (x*+y)
Notice that to second order, these series both agree with what we computed above. Indeed, these
are the correct Taylor series. This follows from the fact that Taylor polynomials areunique; that is,
if we have an orderk polynomial approximation to a function whose error vanishes in orderk + 1,

then that polynomial is necessarily the Taylor polynomial. This also immediately implies that the
Taylor series of any polynomial is that polynomial itself.

2.5.3 The Hessian Matrix
We know that if f : R"! R is at least classC?2, then there are n? second-order partial derivatives

information can all be conveniently written in terms of a matrix:

_[ De nition 2.47 |

If f : R" ! R is of classC? then the Hessian matrix of f at a 2 R" is the symmetric
n n-matrix of second order partial derivatives:

0 1
@f (a) @f (a) @xf (a)
%@ﬂ (a) @f(a) @nf (a)% _

H(a) = |
@if (@) @f(@  @nf(d)

The Hessian matrix makes writing down the Taylor series of a function very compact. Notice
that the rst order terms of the Taylor expansion are given by

X 1
(@) (@(xo a) =rf(@ (xo a):

j =1

Similarly, the second order terms involve the second-order partials and can be written as

2@ (@xo a =(xo ATH@(Xo a);
=2

so that the second-order Taylor polynomial is just

f(x)= f(a+rf(a)(x a)+ %(x a)TH()(x a)+ O( x°):
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Example 2.48 )

Determine the Hessian of the functionf (x;y;z) = x2y + &2 at the point (1;1;0).

Solution. We start be computing the gradientr f = (2xy;x?+ z&'?;ye¥?). The Hessian is now the
matrix of second order partial derivatives, and may be computed as

0 1
2y 2X 0

H(xy;z)= @2x  z2ev2 &2(1+ zy)A :
0 &7%(1+ zy) y2e?

Evaluating at the point ( x;y;z) =(1;1;0) we get

0 1
2 20
H(1;1;,00= @ 0 1A
011

We can take one extra step and evaluate the gradient at this pointr f (1;1;0) =(2;1;1), and write
down the Taylor series:

0 1 0 1
x 1 1 X 1
f(x)= f(1;;0)+r f(1;2;0) @y 1A + §(X 1y Lz)H1;L0)@ 1A + O(kxk®)
z z
0 1 0 10 1
x 1 1 2 20 X 1
=2+(2;11)@y 1A + S Ly 12) @ 0 1A@ 1A+ O(kxk®)
z 011 Z

1
=2+2(x D+(y D+z+(x 1?+2(x 1y +(y 1z+ ézz+ O(kxk®):
We can make even further strides if we allow ourselves to import a powerful theorem from linear
algebra:
Theorem 2.49: Spectral Theorem

If A:R"! R"is asymmetric matrix then there exists an orthonormal basis consisting of
eigenvectors ofA.

Writing A in the basis guaranteed by the Spectral Theorem is called theeigendecomposition
of A. In the eigendecomposition, the matrix A is a diagonal matrix with the eigenvalues on the
diagonal. We will make use of the spectral theorem in the following section.

2.6 Optimization

When dealing with di erentiable real-valued functions of a single variable f : [a; ! R we had
a standard procedure for determining maxima and minima. This amounted to checking critical
points on the interior (a;b) and then checking the boundary points. The necessity of checking the
boundary separately arose from the non-di erentiability of the function at the boundary. In the
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multiple dimension regime, we will now be looking at functionsf : S R" ! R. Once again,
we will use di erentiability to establish a necessary condition for extrema to occur on the interior,
and check the boundary separately. However, unlike the former example where the boundary
consisted of two pointsfa;bg, in multiple dimensions our boundaries become much larger. This
will necessitate and entirely di erent approach to determining maxima on the boundary.

For now, we recall the de nition of what it means to be a local maximum and minimum.

,_f De nition 2.50 |
Letf :R"! R.

1. We say that a 2 R" is a local maximum of f if there exists a neighbourhoodU R"
containing a such that f (x) f(a) for all x 2 U.

2. We say that a 2 R" is a local minimum of f if there exists a neighbourhoodU R"
containing a such that f (x) f(a) forall x 2 U.

When n =1 this is exactly our usual de nition of a maximum/minimum point.

2.6.1 Ciritical Points

_[ De nition 2.51 |

If f : R"! R is dierentiable, we say that ¢ 2 R" is a critical point of f if r f(c) =0.2 If
c is a critical point, we say that f (c) is a critical value. All points which are not critical are
termed regular points.

2More generally, if f : R" ! RX then we say that ¢ 2 R" is a critical point if Df(c) does not have maximal
rank.

We see that the above de nition of a critical point agrees with the our usual de nition when
n = 1; namely, that f 4c) = 0.

Example 2.52

Determine the critical points of the following functions:

focy)= x3+y3  g(Xy;z) = Xy + Xz + X

Solution. The gradient of f is easily determined to ber f (x;y) = (3 x?;3y?). Setting this to be
(0; 0) implies that 3x2 = 0 = 3 y? so that the only critical point is ( x;y) = 0. For the function
g we computer g(x;y;z) = (y+ z+ 1;x;x). Setting this equal to zero implies that x = 0 while
y+ z+1=0. Thus there is an entire line worth of critical points.

Notice that critical points do not need to be isolated: one can have entire curves or planes
represent critical points. The important property of critical points is that they give a schema for
determining when a point is a maximum or minimum, through the following theorem:
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Proposition 2.53

If f :[a;bf! R is dierentiable and c is interior point which is either a local maximum or
local minimum, then necessarilyf 4c) = 0.

Proof. We shall do the proof for the case whert corresponds to a local maximum and leave the proof
of the other case to the student. Sincec is a local maximum, we know there is some neighbourhood
I D ofcsuchthatforall x21;f (x) f(c).

Since ¢ corresponds to a maximum off , for all h > 0 su ciently small so that ¢+ h2 I, we
have that f (c+ h) f(c). Hencef (c+ h) f(c¢) 0, and sinceh is positive, the di erence quotient

satis es M 0. Inthe limitas h! 0" we thus have
. f(c+h) f(o
I 0 2.10
h!lrg+ h ( )

Similarly, if h < 0 we still have f(c+ h) f(c) 0 but now with a negative denominator our
di erence quotient is non-negative and

i fe+rh £

im h (0 (2.11)

Combining (2.10) and (2.11) and using the fact thatf is di erentiable at ¢, we have

_f(c+h) f(© _.o. . f(cth) f(0
0 lim =f%0) = r|1|!m0+ -

h! 0 h 0
which implies that f {c) = 0. O

Of course, we know that this proposition is only necessary, not su cient; that is, there are
critical points which do not yield extrema. The quintessential example is the functionf (x) = x3,
which has a critical point at x = 0, despite this point being neither a maximum nor minimum. A
more interesting example, which we leave for the student, is the functionf (x) = x sin(x), which
has in nitely many critical points but no local maxima or minima.

Our theme for the last several sections has been to adapt our single-variable theorems to mul-
tivariate theorems by examining the behaviour of functions through a line. This part will be no
di erent.

Corollary 2.54

LetU R".Iff :U! Risdierentiable and c 2 U is either a local maximum or minimum
off,thenr f(c)= 0.

Proof. We do the case wherec is a maximum and leave the other case as an exercise. Sincés a
maximum, we know there is a neighbourhoodU R" containing ¢ such that f (x) f (c) for all
x 2 U. Since this holds in general, it certainly holds locally along any line throughc; that is, for
any unit vector u 2 R" there exists > 0 such thatforallt2 ( ; ), we have

g(t):= f(c+tu) f(c):

79



2 Dierential Calculus 2.6 Optimization

Sinceg attains its maximum at t = 0 (an interior point), Proposition 2.53 implies that g40) = 0.
Using the chain rule, this implies that r f (c) u = 0. This holds for all unit vectors u, so in
particular if we let u =€ =(0;:::;1;:::;0) be one of the standard unit normal vectors, then

0=rf(c) e=@f(c):

This holds for every standard unit vector, sor f (c) =0. O

Once again, this theorem will be necessary, but not su cient. For example, consider the func-
tions f1(x;y) = X%+ y? and fo(x;y) = y?> x2. Both function have critical points at ( x;y) = (0;0),
however the former is a minimum while the later is not. In particular, the latter function gives an
example of asaddle point Graphing functions is a terrible way to determine maxima and minima
though, so we need to develop another criteria for determining extrema. This comes in the form of
the second derivative test.

Proposition 2.55

Let f : R" ! R be classC? in a neighbourhood of a critical point c.
1. If H(c) has all positive eigenvalues, therc is a local minimum,
2. If H(c) has all negative eigenvalues, thert is a local maximum,

3. If H(c) has a mix of positive and negative eigenvalues, ther is a saddle point.

We will not give the proof of this proposition, but instead present a heuristic which essentially
captures the idea of the proof. Recall from our discussion at the end of 2.5.3 that (c) admits an
eigendecomposition with eigenvectorg ig,. Asr f(c) =0, the second-order Taylor polynomial
tells us that in this basis, our function is approximately

X
f(x)=f(e)+(x ©'H(E)(Xx ©)=f(c)+ (i c)*
i=1

If all of the eigenvalues are positive, this function is approximately an upward facing paraboloid
centered atc, meaning that it has a minimum. Similarly, if all the eigenvalues are negative, it is a
downward facing paraboloid and hencec is a maximum. In the case where the ; are of mixed sign,
we have that the function looks like a maximum in the direction of the eigenvectors corresponding
to positive eigenvalues, and a minimum in the direction of eigenvectors corresponding to negative
eigenvalues, and hence is a saddle point.

Example 2.56

Determine the critical points of the function f (x;y) = x* 2x2+ y3 6y and classify each
as a maxima, minima, or saddle point.

Solution. The gradient can be quickly computed to ber f (x;y) = (4 x(x®> 1);3(y? p2))' The rst
component is zero whenx = 0; 1 and the second component is zero whey = 2, giving six
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critical points: (0; P 2)( L P 2), and (1; P 2). The Hessian is easily computed to be
. 1x? 4 0
H (X! y) - O 6y

Since thmatrix is diagonal, its ﬁigenvalues are exactly the ®® 4 and 6y. Thus the maximum
is (0; 2), the minima are ( 1, 2), and the other three points are saddles.

There is one additional kind of critical point which can appear. The above discussion of maxima,
minima, and saddle points amounted to the function looking as though it had either a maximum
or a minimum in every direction, and whether or not those directions all agreed with one another.
This has not yet captured the idea of an in ection point.

_[ De nition 2.57 1

If f :R"! Ris C? and c is a critical point of f, then we say that ¢ is a degenerate critical
point if f is rankH(c) <n.

,—| Example 2.58 }

Show that the function f (x;y) = y?> x2 has a degenerate critical point at §;y) = (0 ;0).

Solution. The gradient is r f (x;y) = ( 3x?;2y) which indeed has a critical point at (0;0). Fur-
thermore, the Hessian is

6x 0 00
H(xy) = 0 2 ) H(0;0)= 0 2

soH (0;0) has rank 1, and we conclude that (00) is a degenerate critical point.

In the special case of functionf : R" | R, one can use the determinant of the Hessian to
quickly ascertain whether critical points are maxima or minima.

Proposition 2.59

Let f : R?2! R and c be a critical point.
1. If detH (c) < 0 then c is a saddle point
2. If detH (c) > O:

(@) If @:f > 0 then c is a minimum,
(b) If @1f < 0 then c is a maximum.

If det H (c) = 0 then this is inconclusive.

Proof. For any matrix, the determinant is the product of the eigenvalues (this follows immediately
from the spectral theorem and the fact that the determinant is basis independent). Sincé : R2! R

81



2 Dierential Calculus 2.6 Optimization

the Hessian has two eigenvalues. If the determinant is negative, this means that the two eigenvalues
have di erent signs and hence the critical point is a saddle point. If the determinant is positive,
both eigenvalues have the same sign, and we need only determine if both are positive or negative.
This last check can be done by looking at@f . O

2.6.2 Constrained Optimization

The previous section introduced the notion of critical points, which can be used to determine
maxima/minima on the interior of a set. However, what happens when we are given a set with
empty interior? Similarly, if one is told to optimize over a compact set, it is not su cient to only
optimize over the interior, one must also check the boundary.

We have seen problems of constrained optimization before. A typical example might consist of
something along the lines of

\You are building a fenced rectangular pasture, with one edge located along a river.
Given that you have 200m of fencing, nd the dimensions which maximize the volume
of the pasture.”

Figure 23: A visualization of simple optimization problem.

Translating this problem into mathematics, we let x be the length andy be the width of the pasture.
We must then maximize the function f (x;y) = Xy subject to the constraint 2x + y = 200. The
equation 2 + y = 200 is a line in R?, so we are being asked to determine the maximum value of
the function f along this line. The way that this was typically handled in rst year was to use
the constraint to rewrite one variable in terms of another, and use this to reduce our function to a
single variable. For example, if we writey =200 2x then

f(x;y) = x(200 2x)=200x 2x2

The lone critical point of this function occurs at x = 50, which gives a value ofy = 100, and one
can quickly check that this is the max.

Another technique that one could employ is the following: Recognizing that X + y = 200 is
just a line in R?, we can parameterize that line by a function (t) = (t;200 2t). The composition
f is now a function in terms of the independent parametert, yielding f ( (t)) =200t 2t2 which
of course gives the same answer.

The fact that our constraint was just a simple line made this problem exceptionally simple.
What if we wanted to optimize over a more di cult one-dimensional space, or even a two dimen-
sional surface? Once again we can try to emulate the procedures above, and we may even meet
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with some success. However, there is a more novel way of approaching such problems, using the
method of Lagrange multipliers.

Theorem 2.60

Let f;G : R" ! R be C! functions, and setS = G (0). If the restriction f : S! R has a
maximum or minimum at a point ¢ 2 S and r G(c) 6 0 then there exists 2 R such that

r f(c)= r G(c):

Proof. Let :( ; )! S be any pathsuchthat (0)= c, sothat 0)is a vector which is tangent
to Satc. Since (t) 2 Sforallt2 ( ; ), by the denition of S we must have G( (t)) = 0.
Di erentiating at t = 0 yields the identity

0=r G(c) 90):

On the other hand, sincec is a local maximum/minimum of f we have thatt = 0 is a local
maximum/minimum for f ( (t)) and hence is a critical point. Using the chain rule, this implies
that
d
0= & fCW)=rf() 90):
t=0
Since 40) can be chosen arbitrarily, this implies that both r G(c) and r f (c) are perpendicular
to tangent plane at ¢, and thus they must be proportional*; that is, there exists some 2 R such
that r f(c)= r G(c) as required. O

Example 2.61

Use the method of Lagrange multipliers to solve the problem given in Figure 23.

Solution. The constraint in our fencing problem is given by the function G(x;y) =2x+y 200 =0.
We can easily computer f (x;y) = (y;x) and r G(x;y) = (2;1), so by the method of Lagrange
multipliers, there exists 2 R such thatr f(x;y)= r G(x;y); that is,

y _ 2
x 1
We thus know that y =2 ;x = , and substituting this into 2x vy = 200 gives 4 = 200. Thus
=50, from which we conclude thaty =2 =100 and x = =50 as required.

Example 2.62

Maximize the function f (x;y;z) = xyz on the ellipsoid x2 + 2y? + 322 = 1.

“Here we are sweeping some stu under the rug. In particular, one must believe us that since G is C! then
S = G !(0) is a 'smooth' surface, so that its tangent plane has dimensionn 1.
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Solution. The constraint equation is given by G(x;y;z) = x?+2y?+3z2 1 =0. When we compute
our gradients, the method of Lagrange multipliers gives the following system of equations:

yz=2 X
Xz=4y
Xy =6z

If we combine this with the constraint x?+2y?+3z2 = 1 we have four equations in four unknowns,
though all the equations are certainly non-linear! Herein we must be clever, and start manipulating
our equations to try and solve for (X; y; z). Notice that if we play with the term xyz then depending
on how we use the associativity of multiplication, we can get an additional set of conditions. For
example

x(yz) = x(2x)=2 x ?

y(xz) = y(4y)=4y?
z(xy)= z(6z)=6 z?2

and all of these must be equal. We can make a small simpli cation by removing a factor of 2 to get

x2=2y?%2=3z% (2.12)

Case 1 ( =0): If =0then yz = xz = xy = 0. This immediately implies that two of
X;y, or z must be zero, sof (x;y;z) = xyz = 0. If x = y = 0 then the constraint equation gives
0;0; s .Ifx=2z=0then O #5;0 andify=2z=0then( 1;0;0). So all of these points
give a result of f (x;y;z) = 0 and are candidates for maxima/minima.

Case2( 60):If 60thenwe candivide (2.12) by togetthat x2 = 2y? = 3z2. Substituting
this into the constraint equation we get 1 = x?+ x?+ x2 = 3x? so that x = p% which we can use
to nd y and z. This gives us eight possible critical points corresponding to the following choice of
signs:

c= ph. oy= pb. og= L
3 7T PE 3
There are only two possible values of for these points, namelyf (x;y;z) = é@%. Since these are

both either bigger than 0 or smaller than 0, these are the corresponding global maxima/minima of
the function.

Example 2.63 J

Determine the maximum and minimum of the function f (x;y) = x2? + 2y? on the disk
x2+vy? 4

Solution. We begin by determining critical points on the interior. Here we haver f (x;y) = (2 x; 4y)
which can only be (0 0) if x = y = 0. Here we havef (0;0) = 0.

Next we determine the extreme points on the boundaryx? + y? = 4, for which we set up the
constraint function G(x;y) = x2+ y? 4 with gradient r G(x;y) = (2 x; 2y). Using the method of
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Lagrange multipliers, we thus have

2X=2X
vy =2y
Case 1 (x 8 0): If x 6 0 then we can solve X = 2 x to nd that = 1. This implies that

y = 2y which is only possible ify = 0. Plugging this into the constraint gives x?> = 4 so that
X = 2, so our candidate points are ( 2;0), which give valuesf ( 2;0) = 4.

Case 2 (y 6 0): If y 60 then we can solve 4 =2y to nd that = 2. This implies that
2x = 4x which is only possible ifx = 0. Solving the constraint equation thus gives the candidates
(0; 2), which gives valuesf (0; 2)=8.

The case where = 0 gives no additional information. Hence we conclude that the minimum
occurs at (0, 0) with a value of f (0;0) = 0, while the maximum occurs at the two points (0; 2)
with a value of f (0; 2) =8.

If multiple constraints are given, the procedure is similar, except that we now need additional
multipliers. More precisely, if G : R" I  R™ is given by G(x) = ( G1(X);:::;Gm(X)), we set
S = G (0), and we are tasked with optimizingf : S! R, thenif ¢ 2 S is a maximum or
minimum there exist 1;::: m 2 R such that

xXn
r f(c)= ir Gj(c):
i=1

3 Local Invertibility

Given the plethora of ways of de ning functions, curves, or surfaces oveR", a natural question
which arises is whether such characterizations are (locally) invertible. For example, given a function
f 2 CY(R?R?), (x;y) 7! (xy;xeY), is there a di erentiable function f ':R2?! R? which inverts
it everywhere? If not, can we nd a function which at least inverts it locally, or perhaps conditions
which tell us which points are troublesome for inverting?

Alternatively, what if one is given the zero locus of aC?! function F(x;y) = 0 and is asked to
determine y as a function of x? What conditions guarantee that this is possible? This section is
dedicated to elucidating this information.

3.1 Implicit Function Theorem

We begin by analyzing the latter case rst; namely, given aC? function F : R"**¥ | R, when can
we solve the equation

for the y; as functions of thex;? More precisely, do there existC! functions f; : R" | R such that

we treat the k = 1 case as a special example to glean some insight into the problem.
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3 Local Invertibility 3.1 Implicit Function Theorem

3.1.1 Scalar Valued Functions

purpose is to make our exposition clear with regards to which variable is solved in terms of the
other variables. Can we solve the equatiorF (x;y) = 0 for y as a function ofx? Alternatively, can
we realizeF (x;y) = 0 as the graph of a function y = f (x)? Some simple examples suggest that
the answer could be yes.

Example 3.1 Let F : R?! R be given by F(x;y) = (x?+1)y® 1. The zero-locus
F(x;y) =0 can be solved in terms ofy to yield

' 1
I
Y= 21

and this holds for all x;y 2 R?. N

Unfortunately, it turns out that such examples are exceptionally rare and in general the answer
is no:

Example 3.2 Let F(x;y) = x2+ y2 1. The zero-locusF (x;y) = 0 is equiyalent to the
circle x> + y? = 1. If one tries to solve y as a function of x, we gety = 1 x2. In
particular, for each x-value there are two possibley-values. Since functions must map a
single input to a single output, this means that y cannot be written as a function of x. N

1

4 2 2 4

(b) The circle x? + y? = 1 cannot be written as
the graph of a function: It fails the vertical line
test.

(a) A plot of the graph (x2+1)y® = 1. Itis easily
to believe that this curve can be written as the
graph of a function.

The primary di erence between Examples 3.1 and 3.2 is that the former was in a sense \injec-
tive" with respect to y (since y® is one-to-one) while the latter was not (/2 is two-to-one). This
example in hand, the situation seems rather dire: even such simple examples preclude the hope of
solving one variable in terms of another. Nonetheless, one could argue that there are parts of the
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3.1 Implicit Function Theorem 3 Local Invertibility

circle x>+ y2 = 1 that look like the graphs, one beingy = P 1 x2 while the otherisy = P 1 x2

If it was our lofty goal of solving y as a function ofx everywhere that presented a problem, perhaps
by restricting ourselves to local solutions we might make more progress.

Since calculus is, in many ways, the study of functions by looking at their linear approximations,
let's see what happens in the simplest non-trivial case wher& (x;y) is linear:
X
F(y)= 1Xxa+ 4+ nXn+ yn+cC= iXjt y +c
i=1
In this case, it is easy to see that we can solve foy as a function ofx so long as 6 0. Now recall
that if F(x;y) is a (not necessarily linear) C! function, and (a;b) satis es F(a;b) = 0, then the
equation of the tangent hyperplane at @;b) is given by

F F F
gx(a; Oxi+  + &(a; B)xn + %);a; By + d
=r sF(ajbh x+ %Fa;b)y+ d=0

for some constantd. By analogy, @@f)(a; b) plays the role of , which suggests that so long as
%S(a; b) 6 0, y should be solvable as a function ok in a neighbourhood of @;b).

Aside: Recall that in single variable calculus, a continuously di erentiable function f : R! R
which satis es f {x) 6 0 for all points x in a neighbourhood of a point p is injective on that
neighbourhood. This is certainly compatible with our notion of \injectivity" above.

Theorem 3.3

If F(x;y)is C!on some neighbourhoodJ R"*! of the point (a;b) 2 R"*!, F(a;b) = 0, and
%S(a; b) 6 0, then there exists anr 2 R ¢ together with a unique C* function f : Ba(r)! R
such that F (x;f (x)) =0 for all x 2 Ba(r).

Proof. We break our proof into several steps: we begin by showing that there is an> 0 such that
for eachxp 2 Ba(r) there exists a uniqueyp such that F (Xo; yo) = 0. We call the mapping which
takes xg 7! yo the function f (x;y). After this, we show that this function is actually di erentiable.

Existence and Unigueness: This spirit of this part of the proof is actually akin to the proof of
injectivity mentioned in the previous aside. Without loss of generality, assume that %C(a; b > 0,

so that there existsr; > 0 such that @F > 0 on the neighbourhoodB,.(r1) R". By taking
smaller r, if necessary, we can ensure thaB,p(r) U.

Now the positivity of @F on Ba;(r) ensures that
F(a;b ry) <0 F(a;b+ ry) > 0

Once again, by continuity there exists 1; 2> 0 suchthat F(x;b rq1) < Oforall x 2 By( 1) and
F(x;b+rq) > 0Oforall x 2 Ba( 2). Let r =min frq; 1; 20, so that for any xed xg 2 Ba(r) we
have F (xo;b r1) < 0 and F(xp; b+ rq) > 0. By the single variable Intermediate Value Theorem,
there is at least oneyg 2 By(r) such that F (xo;yo) = 0. Furthermore, because F (Xo;Yy) is strictly

increasing as a function ofy, this y is unique by the Mean Value Theorem.
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N

e

X

X0 X
(a) The graph of F(x;y) = x2+ y? 1, wherein
the blue represents wherd- (x;y) < 0 and the red
where F (x;y) > 0. The arrows are the values of
@F

@y

(b) Notice how the bottom of the rectangle lies
entirely within the blue, and the top lies entirely
within the red.

Di erentiability: Fix some xg 2 Ba(r), set yg = f (Xp), and chooseh 2 R su ciently small so
that h; = he; satises xg+ hj 2 Ba(r). Dene k = f(xo+ hj) f(xo) to be the i" dierence
quotient, so that yo+ k = f (xg+ h;j). Now F(Xo+ hj;yo+ k) = F(Xo;Yo) = 0 since both points lie
in Ba(r), so by the Mean Value Theorem there exists somé¢ 2 (0; 1) such that

@F @F
0=F(Xg+ hij;yo+ k F(x; = h——(Xo+ thj;yo + tk) + k—(xo + thj;yg + tk):
(Xxo+ hi;yo+ k) (X;Yo) @x( 0 i'Yo ) @); 0 i)Yo )

Re-arranging we can write
&(xo+ thisy + tk)

f(xo+ hi) f(xo) _
G (xo+ thisyo + tk)’

h

k_
.

As the quotient on the right-hand-side consists of continuous functions and%f, 6 0 in Bap(r),
taking the h'! 0 limit yields
@f _ & (x0:y0).
@x  Cxoyo)’

which is a continuous function. O

(3.1)

A useful consequence of the proof of Theorem 3.3 is equation (3.1) which gives a formula for the
partial derivatives of f (x). This is not surprising though, since ify = f (x) satises F(x;f (x)) =0
then we may di erentiate with respect to x; to nd that

Q@F
@+1F

0= @Q@F + @+1FOf; ) Qf =

which agrees with what we found in the course of the proof.

Recall that when implicit di erentiation is used in rst year calculus, we wave our hands and
tell the student to assume that what we are doing is kosher. The Implicit Function Theorem is the
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3.1 Implicit Function Theorem 3 Local Invertibility

theorem which justi es the fact that this can be done in general (though naturally only at the places
where the theorem actually applies). Furthermore, while equation (3.1) is useful theoretically, it
e ectively amounts to implicit di erentiation, which is what we will often use to actually compute
these derivatives.

Corollary 3.4

If F 2 CY(R"*!;R) satises r F 6 0, then for every xg 2 S = fx:F(x)=0g there is a
neighbourhoodN containing xo such that S\ N is the graph of aC?* function.

This corollary is of course immediate. The fact thatr F 6 0 means that at every point, one of
the components@F 6 0. We may then apply Theorem 3.3 to solve forx; in terms of the remaining
variables, and the result follows.

Example 3.5 Recall that the circle de ned by the zero locus of F(x;y) = x2+ y? 1

cannot globally be solved for eitherx or y. However,r F(X;y) = (2 x; 2y), which means that

whenevery 6 0 we may determiney in terms of x, and vice versa. Indeed, this is what we
expect, since any neighbourhood about the points (0 1) is necessarily two-to-one in terms
of y. Furthermore, if y 6 0, let y = f (x) be the local solution for y in terms of x. From

equation (3.1) the derivative % is then

df _ @F _ x_ x

& @ 2 Yy
Tta's agrees with both implicit di erentiation as well as explicit di erentiation of y =
1 x2, and is left as an exercise for the student. N

Example 3.6

Consider the function F(x;y;z) = 2 x+y3 2z cos@). If S=f (0), determine which
variables may be determined by the others in a neighbourhood of (1 1;0) and compute the
corresponding partial derivatives.

Solution. First notice that F(1; 1;0) =0 so that this point is in S. We need to determine which
partial derivatives are non-zero at (1, 1;0), so we compute to nd

1 P
rF= P Liy% 2+ 22+y3 2isin(2)
+y Z

At the point (1; 1;0) this reduces tor F(1; 1;0) = (1;3=2;0), so we may nd C?! functions f
and g such that x = f (y;z) and y = g(x; z), but it is not possible to solve for z in a neighbourhood
of (1; 1,0).
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3 Local Invertibility 3.1 Implicit Function Theorem

For the partial derivatives, we start with x = f (y; 2).

@f_ QF _ 3.
@y @F 2

gfzz g:z =z sin(z)p m:
Similarly, for y = g(x;z) we have
@9 @GF _ 2
@x @F 3y?
@g @F _ 2z 2sin(z)p 2x+y3 72
@z @F 3y2 '

Again, the student may check that this is consistent with implicit di erentiation.

3.1.2 The General Case
The general case of &C! function F : R"*k | RK is not much more di cult: The major change

y =(Vy1;:::;¥k). We once again return to the case wherd- (x;y) is a linear function. In this case,
let A2 Mg n(R) and B 2 My «(R) be real matrices, and de neF(x;y) = Ax + By + ¢ for some
c 2 RX. If (xo;yo) is some point whereF (xgo;yo) = 0, then we can expressy as a function ofx if
and only if the matrix B is invertible.

If F(x;y) is now a general function, the setF (x;y) = 0 de nes at surface of dimension at most
nin R™K. Let F(x;y) = (Fu(X;y);::1;Fe(x;y)) for C! functions F; : R™ kI R. The Jacobian
of F(x;y) is given by

2 @r @& @R @r 3
9 @x @x @y @y g
|22 {z Wl | 22Xz ¥ )
AY)ZMy o (CIROK)  B(xiy)2My y(CLRM*K))

so that the tangent plane to F 1(0) at (Xo;Yo) is given by A(Xo;yo)X + B(Xo;Yo)y + d = 0. This
tells us that our analogy to %5 8 0 from the single-variable case should now be changed tog—)'f i

ij
should be an invertible function.

Theorem 3.7: General Implicit Function Theorem

Let F : R"™K 1 R" pe aC? function, and write (X1;::::Xn;Y1;:::;Yk) for the coordinates

in R"™k_If (a;b) satises F(a;b) = 0 and g—)'F, _Is invertible, there existsr > 0 and a
i

unique C! function f : B;(a) ! RK such that for all x 2 B,(a), F(x;f(x)) = 0.

The proof of this theorem is done via induction onk, but it is quite messy and not particularly
enlightening so we omit the proof. Of more immediate interest is whether we can determine an
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3.1 Implicit Function Theorem 3 Local Invertibility

equation for the partial derivatives of the f(x). The boring answer to this is that we simply
di erentiate the equation F(x;f(x)) = 0 with respect to x; to determine the result, but this does
not clear things up as much as a simple example.

,—| Example 3.8 }

Consider the function

R O TR
SRR = 2xy + y2 2u2+3v*+8

If S=F %(0), show that (u;v) may be expressed as functions ofxty) in a neighbourhood
of (2; 1;2;1) and compute the derivatives of those functions.

Solution. The (u; V) derivatives of F are given by

u? v o 1 o
au 123 ) dunF@ L21)= 5 5

du)F =
which has determinant 1286 0 and so is invertible. By Theorem 3.7 we know that (u;v) may
thus be determined as functions of X;y) in a neighbourhood of this point; say u = gi(x;y) and

V= X Y).

Now in order to determine the derivatives, we di erentiate the function F(x;y;u;v) implicitly
with respect to x and y, keeping in mind that u = gi(x;y) and v = ga(x;y). We thus have

2x  3u?Q@uy 2y @Y

@x X
2y 4ugi+ 12v3§;

=0

3u? 2v au 2x
’ 4u 123 %;(’ .Y

1

, = 3
o 4u 1 2y
%XJ B L 24xv3 + 4vy
OV T B SRV gux +6u?y

Note that this solution makes sense in spite of the fact that theu and v appear in the solution,
sinceu = gi(x;y) and v = gx(x;y) implies that these are functions ofx;y alone.

3.1.3 The Inverse Function Theorem
If we are clever, we can use the Implicit Function Theorem to say something about invertibilty.

Consider for example a functionF : R?> ! R and its zero locusS = F 1(0). If both @F and
@F are non-zero at a point @;b), the Implicit Function Theorem implies that we can write y in
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terms of x and vice-versa, in a neighbourhood of &; b). More precisely, there existsf; g such that
y = f(x) and x = g(y) locally.

By taking a su ciently small neighbourhood around ( a;b), we can guarantee that bothf and
g are injective (convince yourself this is true), and so by single variable results, botlf and g have
inverses. For example, this means that 1(y) = x. But the Implicit Function Theorem also told
us that the function g satisfying g(y) = x was unique, so necessarilg = f 1.

We conclude that the Implicit Function Theorem might be able to say something about deter-
mining when a function is invertible. This culminates in the following theorem:

Theorem 3.9: The Inverse Function Theorem

Let U;V R" and x some point a2 U. If f : U ! V is of classC? and Df(a) is invertible,
then there exists neighbourhoodsd U ofaandV V of f (a) such that fj, : 0! Vis
bijective with Ct inverse (jy) :V ! U. Moreover, if b = f(a) then the derivative of the
inverse map is given by

[Df Y(b)=[Df(a)] *: (3.2

It turns out that the Inverse Function Theorem and the Implicit Function Theorem are actually
equivalent; that is, the Implicit Function Theorem can be proven from \scratch” then used to prove
the Inverse Function Theorem, or vice versa. We already have the Implicit Function Theorem, so
we might as well use it, not to mention that the \scratch” proof of the Inverse Function Theorem
is rather lengthy and uses the Contraction Mapping Theorem.

Proof. De ne the functon F:U V R? 1! R" by F(x;y)=1y f(x) sothat F(x;y)=0s
equivalenttoy = f(x). We want to determine if we can solve forx locally in terms of y, so naturally
we will use the Implicit Function Theorem. But this immediately follows, since the invertibility
condition on Df(x) is precisely the requirement for the Implicit Function Theorem.

To derive Equation (3.2) we note that f (f(x)) = x, so di erentiating and applying the chain
rule yields

[Df Y(f(x)) Df(x)=1,

and the result then follows. O

,—| Example 3.10 }

Determine whether the function

f(x;y) = (€ sin(y); € cosfy))

is invertible in a neighbourhood of (0;0). More generally, show that f is invertible in a
neighbourhood of any point.

Solution. Computing the derivative of f, we get

e“sin(y) €*cosfy)

Dfxy) = e cosfy) € sin(y)
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Evaluating at (0; 0) we get
0 1

Do) = 1 ¢

which is certainly invertible (in fact, it is its own inverse). More generally, we want to determine
whether Df(,.,y is invertible, so we compute the determinant to be

detDfixy) = €*sin’(y) e*cod(y)= e

Since e® is never zero,Df (., will be invertible for any choice of (x;y), so the Inverse Function
Theorem can be applied everywhere.

3.2 Curves, Surfaces, and Manifolds

The Implicit Function Theorem is the key to determining the appropriate de nition of what it
means for something to be smooth. Intuitively, an object is smooth if it contains no corners, such
as a sphere. On the other hand, something like a cube will not be smooth, as each vertex and
edge of the cube are sharp. It turns out that this is not the best of way of thinking about smooth:
For example, what happens when we are given a surface, such as tl@mniscate (see Figure 26)?
When we draw the lemniscate, we can do it is a smooth fashion so that no sharp edges ever appeatr;
nonetheless there does seem to be something odd about what happens at the overlap point.

Figure 26: The sphere should be smooth, the cube should not be, but who knows about the
lemniscate?

The criteria that we will see will look mysterious in the absence of geometric intuition, but the
key to testing smoothness is to look at the tangent space. At each point on a curve, surface, or
higher dimensional object, there is the notion of a line, plane, or hyperplane which is tangent to
that point. Each of these tangent spaces just looks like a vector space, and thus has an associated
dimension. A space is smooth if its tangent space does not change dimension.

For example, we will see that every point on the sphere has a two dimensional tangent space.
For the cube, the interior of the faces will have two dimensional tangent spaces, while the edges
will have 1-dimensional tangent spaces, and the vertices will have a 0-dimensional tangent space.

There are several ways of actually de ning these spaces, such as via the graph of a function,
through a parameterization, or as the zero locus of a function. In each of these cases, the dimensions
of the domain and codomain will play an important role. In this section, we take an introductory
look at the relationship between 1-dimensional curves, 2-dimensional surfaces, amddimensional
manifolds.

93



3 Local Invertibility 3.2 Curves, Surfaces, and Manifolds

3.2.1 Curvesin R?

We have thus far seen three dierent ways of de ning one-dimensional objects. Here we pay
particular attention to the case of one-dimensional objects inR?. A curve can be written as
1. The graph of a function: Letf : R! R, and de ne the graph of f to be
(f)=f(x;f(xX)):x2Rg:
2. The zero locus of a function: LetF : R>! R, andletC = F (0). This object will generally

be one-dimensional, as- (x;y) = 0 yields one equation with two-variables, meaning we can
(locally) solve one in terms of the other.

3. As the image of a parametric function: Lets: (a;b) ! R2? by given by t 7! (s1(t); so(t)), and
de ne the curve to be p((a; b).

For example, the curve which is the graph off (x) = QP, is the same as the zero locus of
F(x;y) = y3 x? and the parametric curve p(t) = ( t3;t).
1 41
2 1 1 2

Figure 27: The curve de ned by the graph off (x) = ¢ x2, the zero locus ofF (x;y) = y® x2 and
the parametric function p(t) = ( t3;t2).

Unfortunately, the set of all curves de ned by one method need not be the same as those de ned
by another.
Proposition 3.11

Every curve that can be expressed as the graph of a functioh : R! R may also be written
as the zero locus of a functionF : R?! R and parametrically as the image ofp: R! R2.

Proof. Fix somef : R! R with graph ( f) = f(x;f (x)): x 2 Rg. De ne the function F(x;y) =
y f(x) and notice that

F 20)= f(x;y):F(x;y)=0g="f(xy):y=f(x)g=f(xf(x):x2Rg= ( f):
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In the parametric case, de ne the parametric functionp: R! R? by t 7! (t;f (t)). Once again we
have

p(R) = f(t;f (1)) :t2Rg= ( f);
as required. n

The converse of this proposition is not true. For example, the circle is impossible to write
as the graph of a function, since it fails the vertical line test. However, the circle is the zero
locus of F(x;y) = x?+ y? 1, or the image of the functionp : [0;2 ) ! R? given by p(t) =
(cos(t); sin(t)). Since graphs cannot describe even simple shapes like a circle, they are rarely used
to de ne manifolds.

Now we are more interested in assessing the smoothness properties of a cu®@e Our time
studying calculus has told us that if the function f : R! R is C! then its graph de nes a curve
which is smooth. However, since not all curves of interest can be written as the graphs of functions,
this will fail to be a good de nition. Instead, we will just require that the curve locally look like
the graph of a smooth function:

De nition 3.12 |

A connectedsetC  R? s said to be asmooth curveif every point a 2 C has a neighbourhood
N on which C\ N is the graph of aC*! function. If C is not connected, then we shall say
that C is smooth if each of its connected components is a smooth curve.

Unfortunately, if the curve is de ned as a zero locus or parametrically, we will not be able to
\read 0" the smoothness of the curve just by looking at the de ning function. To see what kind
of things can go wrong, consider the functionF (x;y) = y2 x? (Figure 27). This is certainly a C!
function (and is in fact in nitely di erentiable), but the zero locus it de nes is the curve y® = x2.
The student can easily check that this curve is not di erentiable when x = 0, and so cannot be
written as the graph of a C* function.

Thus the best we can hope to do is locally. Our work with the Implicit Function Theorem
tells us that r F 6 0 on F 1(0) will guarantee that our curve looks locally like the graph of a C?!
function, but what is the condition we should impose on parametric de nition? The following is a
rst step in the right direction:

Theorem 3.13

1. LetF :R?! RbeaC?!functionand S=F 1(0). If p 2 Sandr F(p) 6 0 then there
exists an open neighbourhoodN of p such that N \ S is the graph of aC? function.

2. Letp:(a;b)! R?be aC! function and let S = p(a;b). If to 2 (a;b) satis es p{t) 6 0
then there is an open subintervall ~ (a;b) such that p(l) is the graph of a Cl-curve.

Proof. 1. This is immediate by the Implicit Function Theorem.

2. The image ofp is p(a;b) = f(p(t);p2(t)) : t 2 (a;bg. Morally, we would like to \change
variables" by setting x = py(t), inverting to write t = p; 1(x) and substitute to write C as
C= (x;p2(py 1(x))) . However, there is no reason to suspect thap; should be invertible.
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The solution to this is e ectively given by the Implicit Function Theorem, which in a sense
says that we can locally invert.

More rigorously, sincepXto) = ( p3(to); pP3(to)) 6 O then one of the pXto) 6 0. Without loss of
generality, assume thatp{(to) 6 0. De ne the C? function F(x;t) = x py(t) with xo = py(to)
so that F (Xo;to) =0 and @F (Xo;to) = p(to) 6 0. By the Implicit Function Theorem, we
may solve fort in terms of x; that is, there exists a C1-function g such thatt = g(x) in a
neighbourhood of (o;tg). Thus

p(t) = (pe(t); p2(t)) = ( x; p2(9(x))) :

Sincep, and g are both C1, so too is their compositionp, g, and this shows that the image
of p(t) is the graph of the Cl-curve p, g as required.

O

Example 3.14

Determine whether the curve de ned by the image ofp : (0;2 ) ! R? given by t 7!
(t cosf);t sin(t)) is smooth.

Solution. If we di erentiate pYt) = (cos(t) tsin(t);sin(t) + t cost)) and it is not clear whether or
not this function is ever zero. Instead, let's try to rewrite this curve as the zero locus of a function
F:R?! R. Setx = tcost) and y = tsin(t) and notice that x? + y? = t2. We can isolatet by
recognizing that t = arctan( y=x), and so the curve as de ned in the same thing as the zero locus
of the function F (x;y) = x2+ y? arctan?(y=x). It's gradient is given by

2 arctan(y=x) 2x arctan(y=x)

The only time that this can be zero is when ;y) = (0 ; 0); however, the restriction oft 2 (0;2 )
makes this impossible.

An important point to note is that part (2) of the theorem indicates there is an open interval
| (a;b) on which the function is the graph of a C1-curve, but this does not mean that there is an
open neighbourhood ofR? on which this is a smooth curve. What could possibly go wrong? Well,
the map could fail to be injective:
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Example 3.15 Under De nition 3.12 we know that the lemniscate cannot be a smooth
curve, since at the point of overlap there is no neighbourhood on which the function looks
like the graph of a smooth curve. In parametric equations, one has (Figure 28)

p:R! R?% t7! 1+sl|nzt (cos(t); sin(t) cos(t)) : (3.3)

Notice that

1

@+ sinZ)? sin(t)[2 + cos?(t)]; cos(2)[1 + sin?(t)]  sin(t) cos(t) sin(2t) :

pYt) =
This is never zero, since the rst argument is only zero att = n whereas the second
argument is identically 1 at n . But the function is certainly not injective since it is periodic.
In fact, even restricting our attention to (0 ;2 ) we see thatp( =2) = p(3=2) =(0;0). Thus
there is no neighbourhood of (00) where p(0;2 ) looks like the graph of a C! function.
Even worse, there are two di erent values of the derivative at (G 0) depending on whether
we taket = =2 or 3=2.

P=2=3( 11); pI3=2= 1@ 1)

0:4 |

Figure 28: The lemniscate drawn with the parametric equation given by (3.3). The thick blue line
is the setp(( =4;3 =4)), which is the graph of a C'-function. However, the whole curve fails to be
smooth.

So what exactly did Theorem 3.13 tell us? It told us that sincepY =2) 6 0 there is a neigh-
bourhood around =2 whose image looked like the graph of &*-function. However, this did not
take into consideration the more global nature of the curve. The way to remedy this situation is
as follows:
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_[ De nition 3.16 |

If I Risaninterval, aC'map :1! R?is said to be
1. A regular curveif qt)60forall t2 1,

2. A simple curveif is injective on the interior of I.

Hence if is a regular, Theorem 3.13 implies that there is a neighbourhood of each point whose
image looks like the graph of aC!-function. Simplicity guarantees that no funny overlaps can
happen, and this is what is needed for the curve to be smooth.

Example 3.17

Determine whether the curve de ned by the parametric equationp : R ! R? given by
t 7! (t3;€?) is a smooth.

Solution. Di erentiating, we get p{t) = (3 t?;2e?) and since the second component is never zerg,
is certainly regular. On the other hand, both component functionst® and € are injective, implying
that p is also injective, sop is simple. We conclude that the image ofp is smooth.

Summary: There are three ways to de ne curves: as the graph of a functiorR ! R, as the
zero locus of a functionR? | R, or as the image of a parameterizationR ! R?. Smoothness is
determined as follows:

1. 1fC= ( f)= f(x;f (x)): x 2 [a;bg is the graph of aC?! function, then C is smooth.

2. If C = F 1(0) is the zero locus ofF : R?! R, then C is smooth ifr F 6 0 for every point
in C.

3. If C = p(a;b) wherep: R! R?is the image of a parameterization, thenC is smooth only if

p is regular (pYt) 6 0) and simple (p is injective).

Curves in R": Generalizing our discussion so far, a curve ilR" may be described in one of three
ways:

1. The graph of a functionf : R! R" 1,
2. The zero locus of a functionF : R" ! R" 1,

3. The image of a functionp : R! R".

Again, we dene C R" to be a smooth curve if it is connected and locally the graph of a
C! function. If C = F (0) then the linear independence offr F;g guarantees that C is a smooth
curve. The notions of regular and simple curves generalize in an obvious way tR" and so the
image of a regular, simple,C-map R! R" is also a smooth curve.
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Dimension of the Tangent Space: It was mentioned previously that the idea is to examine
the dimension of the tangent space, and see whether or not it changes as we move along our curve.
Notice that when p: R! R" that pYtp) is a vector which is tangent to the curve. Hence so long
as p{to) 6 0, the tangent space is always one dimensional. Conversely, if the curve is given by the
zero locus ofF : R" ! R" 1thenthere are (n 1)-vectorsfr F;g. If these are linearly dependent,
they dene an (n 1)-hyper plane in R". The perpendicular to this hyperplane is the tangent
space, which will again be one dimensional.

3.2.2 Surfaces in RS

We have looked at 1-dimensional spaces d®? and how to generalize them toR". Now we increase
the dimension of the space itself. The simplest case will be to look at 2-dimensional spaces (surfaces)
or R3, afterwhich we will have a su cient idea of the general procedure to be able to discusk-
dimensional spaces oR".

Much akin to our treatment of curves, there are three ways to discuss surfaces:

1. The graph of a functionf : R?! R,
2. The zero-locus of a functionF : R3! R,

3. The image of a functionp: R2! R3,

Naturally, given the graph of a function f : R2 | R we may write it as the zero-locus of
F(x;y;z)= z f(x;y), or parametrically as (s;t) 7! (s;t;f (s;1)).

Example 3.18 Fix r;R > 0 and consider the parameterizationg : [0;2 ) [0;2 )! R®
given by
g(; )=[(R+rcos())cos();(R+ rcos())sin( );rsin( )]

or equivalently, the zero locus of the function
Fy;z) = (x?+y?+ 22+ R?2 %)% 4R?(x%+ y?):

These de ne a torus, wherer is the radius of the sweeping circle, ancR is the radius to the
center of that circle

De nition 3.19 |

A smooth surface ofR? is a connected subseS  R?2 such that, for every p 2 S there exists
a neighbourhoodN of p such that S\ N is the graph of aC? function f : R?! R.

The Implicit Function Theorem again tells us that F 1(0) will be a smooth surface so long as
r F(x) 6 0 for all x 2 F (0), but the case of the parametric de nition is slightly more subtle.
Consider a linear parametric function

f(s;t)= us+ vt+ w:
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Figure 29: A slice of the torus.

If u andv are linearly dependent, the image op will be a line, while if they are linearly independent
the image will de ne a plane. Since we are only interested in bona- de surfaces, we need to preclude
the possibility of a line. When p(s;t) is not just a linear function, the usual generalization tells
us that we need to tangent-vectors to be linearly independent; that is,%S and %t must be linearly
independent. This can equivalently be phrased as saying that the matrix

@ @
@sl @t

must be full-rank.
Theorem 3.20

1. LetF :R®! RbeaC!functionand S= F (0). If p2 Sandr F(p) 60 then there
exists an open neighbourhoodN of p such that N \ S is the graph of aC*-curve.

2. Letp: U R?! RS be aC! function and let S = p(U). If the point ( So;tg) 2 U
causes the matrix

(géso; to) ‘ gt(so; to)

to have full rank, then there is an open subsetv U of (sp;tp) such that p(V)\ S is
the graph of a C1-curve.

The proof of this theorem is almost identical to that of Theorem 3.13 and is left as an exercise for
the student. It should be evident that a connected level set of aC* map F : R®! R with nowhere
vanishing gradient de nes a smooth surface. For the parametric de nition, we once again require
both regularity of the surface (linearly independent tangents) and simplicity (global injectivity).
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,—| Example 3.21 }

Consider the surface de ned by the function
p(s;t) = ( scost); ssin(t); s%):

Find a zero-locus description of the surface, and nd (using both the parametric and zero
locus pictures) the points where the surface is singular.

Solution. Setting X = SCOS(t);y - SSin(t), and z = Sz’ notice that
x2+ y? = s?(cos(t) +sin?(t)) = s% = z;

so that the corresponding zero-locus is given byF (x;y;z) = z x? y2. Our intuition tells us
that this is a paraboloid and so should not admit any singularities. Di erentiating the parametric
de nition, we have

@ = (cos(t); sin(t); 2s); @ =( ssin(t);scost);0):

@s ot

Now we could examine the rank of the matrix whose columns are made from the above matrices,
but in the case of surfaces inR? it is easier to check linear-independence by computing the cross
product. We nd that

@ @ 2 2 i

— — =( 2s“cost); 2s°sin(t);s):

@s @t ( t) (t);s)
The only place where this could be zero is ats = 0 which corresponds to the origin (G; 0), but
remember that this is not necessary for a singularity. Let's take a look at the zero-locus de nition.
The gradient of F (x;y; z) is given by

reExy;z)=( 2x; 2y;1)

and this is certainly never zero. This implies that the surface does not have any singularities.

Surfaces in General: More generally, a surface inR" may be de ned by the zero locus of a
function F : R" I R" 2, or the image of a parametric functionp : R>! R". To see what the
general conditions for smoothness should be, we again think about the tangent space. For the zero
locus picture, there are fi  2) elements in the setfr F;g. If they are linearly independent, then
they span an (h  2)-dimensional hyperplane ofR", whose orthogonal complement is the tangent
space of the surface. In the parametric picture,@p and @p form a basis for the tangent space, so
for this to be two dimensional, we require that they are everywhere linearly independent.

3.2.3 Dimension k-manifolds in R"

We now discuss (one last time!) how to formk-dimensional subspaces dR". There are two methods
we will consider:

1. The zero-locus of a functionF : R" ! R" k
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2. The image of a functionp : R | R".

If our space isM = F 1(0), the conditions which guarantee that the de ned object is a smooth
k-manifold is that
rankDF(x)= n k; 8x 2 F %(0):

While if M = p(U  RX) then we must havep(t) is injective on U and

rank @p(t) | | @p(t) =k; 8t 2 U:

In fact, rather than remembering which dimension corresponds to which, it is su cient to state
that either DF(x) or Dp(t) must have maximal rank at every point on the surface. Rather than
rehash our tangent space argument in this case, the student should try to convince his/herself that
rank DF(Xg) is the rank of the normal plane at xq, while rank [@p(to)] is the rank of the tangent
plane at tg.
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4 Integration

4 Integration

Having e ectively completed our study of di erential calculus, we now move on to integral calculus.
Students often nd integral calculus more dicult than dierential calculus, typically because
computations are not nearly as straightforward as the \recipe book" style o ered by di erentiation.
Nonetheless, it turns out that integration is actually a far more sound theory: it is easier to make
rigorous in general contexts.

We will begin with a \review" of integration on the line (I say \review" because it will almost
certainly be new material), before moving onto the general theory for integrating variables in several
dimensions.

4.1 Integration on R

Given a su ciently nice function f : R! R, the idea of integration on the interval [a;b] is to
estimate the signed area between the graph of the function and thex-axis. The heuristic idea of
how to proceed is to divide p; b] into subintervals and approximate the height of the function by
rectangles. We then take a limit as the length of the subintervals goes to zero, and if we get a
well-de ned number, we call that the integral.

Unfortunately, there is no canonical choice for either how to divide f; b, nor for how high to
make the rectangles. Typical choices for height often include left/right endpoints, or inf/sup values
of the function on each subinterval, but of course these are not the only choices.

Aside: It turns out that Riemann integration, or integrating by partitions of the domain, is an
inferior choice as there are many functions which are not integrable. A much more prudent choig
is to actually break up the range of the function and integrate that way, in a manner known asg
Lebesgue integration Unfortunately, Lebesgue integration is beyond the scope of the course.

[¢)

41.1 Riemann Sums

For the remainder of this section, we x an interval [a;] R.

De nition 4.1 |

A nite partition P of [a;b is an ordered collection of points P =
fa= Xg<Xx1<Xx2< <Xp=Dbyg. Dene the order of P to be jPj = n and the
length of P to be

(P)= max [Xi Xj 1];
Pj

that is, the length of P is the length of the longest interval whose endpoints are inP.

One should think of partitions as a way of dividing the interval [a; ] into subintervals. For
example, on [Q1] we think of the partition P = 0< % < % < 1 as breaking [Q1] into [0; 1=3][
[1=3;2=3][ [2=3;1]. If Py is the set of all nite partitions of [ a;l then * : Py ! R+ gives us
a \worst-case scenario” for the length of the subintervals, in much the same way as the sup-norm.

5Signed area simply means that area above thex-axis will be positive, while area below the x-axis will be negative
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The idea is that when we do integration, we are going to want to take partitions whose length
between endpoints gets smaller, corresponding to letting the width of our approximating rectangles
get smaller. The number " (P) then describes the widest width, which in a sense is our \worst"
rectangle.

De nition 4.2 |
If P and Q are two partitions of [a; ], then Q is are nement of P if P Q.

Example 4.3  Consider the interval [0; 1] and the partitions

P= 0<3<1; Q= 0O<i<iZ<1; R= O<i<i<l<Z<3<1:

wIinNy
EN[)

1
2

Note that P and Q cannot be compared, since one is not a subset of the other. However,
P RandQ R, soR isacommon renement of bothP and Q.

It is not too hard to see that any two sets in P admit a common re nement: Given two
partitions P;Q 2Py, dene R=P[ QsothatP RandQ R.

De nition 4.4 |

Given a function f : [a;lg ! R, a Riemann sum of f with respect to the partition P =
fxg<xi< <Xp 1<Xngis any sum of the form

xXn
S(f;P)= ft)(Xi X 1), ti 2 [Xi 1;Xil:
i=1

Note that while the Riemann sum S(f; P ) certainly depends on how we choose the sampling
ti, we will often choose to ignore this fact. Some typical choices of Riemann sum that the student
has likely seen amount to particular choices of the;. In the rst case, we have the left- and right-
endpoint Riemann sums

X X
L(EP)= (i o)X Xi 1); R(F;P)= f(X)(Xi X 1):
i=1 i=1
Of far greater use are thelower and upper Riemann sums, de ned as follows. Fix a partition
P2Pppyandf :[a;h! R. Dene

m; = inf  f(x); Mi= sup f(x);

X2[xi 1xi] X2[Xi 1:Xi]
so that m; is the \smallest” value that f takes on [; 1;X;] while M; is the largest. Now set

x X
U;P)= Mitxi xi1);  u(P)= mi(xi X 1)
i=1 i=1

The idea of the integral is that regardless of what partition we choose or how we choose to
sample the partition, we should always arrive at the same answer. This leads us to the formal
de nition of Riemann integrability.
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,_f De nition 4.5 |

We say that a function f : [a;l] ! R is Riemann integrable on [a; b with integral | if for
every > 0 there exists a > 0 such that wheneverP 2 P, satises "(P) < then

iS(EP) lj<:

R
The element| is often denotedl = :f (x) dx.

We know that the student abhors the idea of - proofs, so it would not surprise us if headaches
are currently abound. Let's take a moment and read into what the de nition of integrability really
means: Roughly speaking, a function is Riemann integrable with integral if we can approximate
| arbitrarily well by taking a su ciently ne partition P.

There are many di erent ways of de ning Riemann integrability depending on how one chooses
to set up the problem. We give here a statement of some equivalent de nitions:

Theorem 4.6

If f :[a;b! R is a function, then the following are equivalent:
1. f is Riemann integrable,

2. sup u(f:P)= inf U(f;P),
P2P [Eb] ( ) P2pP [ab] ( )

3. For every > O there exists a partition P 2 P, such that U(f;P ) u(f;P)< ,

4. For every > 0 there exists a > 0 such wheneverP;Q 2 P, satisfy "(P) < and
(Q) < thenjS(f;P) S(f;Q)j<

Students coming from Math 137 will recognize de nition (2) as the statement that the lower
and upper integrals are equal. Indeed, the supremum over the lower Riemann sums is the lower
integral, and vice-versa for the upper integrals.

Each of these de nitions o ers its own advantage. For example, (1) and (2) are useful for the-
oretical reasons but are highly intractable for determining which functions are actually integrable.
On the other hand, (3) and (4) are exceptionally useful as they do not require one to actually know
the integral. In particular, (3) is useful because the upper and lower Riemann sums are nicely
behaved, while (4) is useful because it o ers the exibility to choose samplings.

Example 4.7

Show that the function f (x) = cx is integrable on [a; 1.

Solution. If ¢ = 0 then there is nothing to do. Let us use de nition (3) to proceed, and assume
without loss of generality that ¢ > 0. The advantage of using de nition (3) is that we get to

choose the partition, which gives us a great deal of power. Leh be any positive integer such that
ob ) o (more on how to choose this later). Since our function is increasing, minima will occur

n
at left endpoints, and maxima will occur at right endpoints. Choose a uniform partition of [a; b
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into n + 1-subintervals P = fa= Xg;X1;:::;Xy, = bg, wherex; = a+ %i, so that
X ! b a)X?
WEP) = e x0= BT
k=0 k=0
X1 ob a)X?
UGP) = fe)len X0 = 0BT s
k=0 k=0

Hence their di erence yields

ob aX?!
n

c(b a)
n

Uf;P) u(f;P) (Xk+1  Xk)

k=0

(b a)

which is what we wanted to show.

cb

ca

X1 X2 X3 X4 X5

Figure 30: One can visually see why the di erence betweetJ(f; P ) and u(f; P ) results in a tele-
scoping sum. For example, the red rectangle onxf; x»] is the same area as the blue rectangle on
[X2; X3], so they cancel in the di erence.

f{ Example 4.8

Show that the characteristic function of the rationals on [0; 1]:

(1x2Q\mn

X) =
Q(x) 0 otherwise

is not Riemann integrable.
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Solution. Let P = fO0=Xg<x1< <Xp = 1g be an arbitrary partition of Q\ [0;1], and recall
that Q is dense in [Q1] while the irrationals R nQ are dense in [01]. Hence on each subinterval
[Xi 1;%;] we have

Mi = sup o(x)=1; m; = inf o(x)=0
X2[xi 13Xl X2[xi 1:Xi]
S0 in particular
X X
ui;P)= Mi(xi xi 1)= (X X 1)
i=1 i=1
= X1 Xo=1
X
u(f;P)= mi(X;i Xj 1)=0
i=1

so that U(f;P ) u(f;P) = 1. Since this holds for arbitrary partitions, any < 1 will fail the
de nition of integrability, so g is not integrable.
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4.1.2 Properties of the Integral

Theorem 4.9
1. Additivity of Domain: If f is integrable on Ja; b and [b;d then f is integrable on
[a;c] and z. zZ, Z .
f(x)dx = f(x)dx + f (x)dx:
a a b
2. Additivity of Integral: If f;g are integral on [a; b then f + g is integrable on [a; b
and Z b Z b Z b
[f (x)+ g(x)] dx = f(x)dx + g(x) dx:
a a a
3. Scalar Multiplication: If f is integrable on [a; b and ¢ 2 R, then cf is integrable on
[a; b and zZ, zZ,
cf(x)dx =c f(x)dx
a a
4. Inherited Integrability: If f is integrable on [a; b then f is integrable on any subin-
terval [c;d] [a; D]
5. Monotonicity of Integral: If f;g are integrable on g;k and f (x) g(x) for all
x 2 [a; b then zZ, z,
f (x)dx g(x) dx:
a a

6. Subnormality: If f is integrable on [a; l then jf j is integrable on fa; b and satis es
Zy Zy
f (x)dx jf (x)j dx:

a a

These proofs are standard and fairly fundamental results. We will not go into them at this
time, but encourage the student to give them a try.

Of course, we also have the following important theorem which guarantees that integral calculus
is actually computable:

Theorem 4.10: The Fundamental Theorem of Calculus

R
1. If f is integrable on [a;bh and x 2 [a;l] de ne F(x) = :f (t)dt. The function F is
continuous on [a; i and moreover, F{x) exists and equalsf (x) at every point x at
which f is continuous.

2. Let F be a continuous function on R; b that is di erentiable except possibly at nitely
manyRooints in [a;b], and take f = FCat all such points. If f is integrable on ;b

then P f (x)dx = F(b) F(a).
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The fundamental theorem say that, up to functions being \almost the same" and additive
constants, the processes of integration and di erentiation are mutually inverting. The proof is a
standard exercise and so we omit it.

4.1.3 Sucient Conditions for Integrability

Theorem 4.6 gave multiple equivalent de nitions for integrability, each with its own strengths
depending on context. Of great use was parts (3) and (4) which gave conditions on integrability
without needing to know the limiting integral. Unfortunately, these criteria fail to really expound
upon which of our everyday functions are integrable.

There are a great deal of functions, absent of any regularity conditions such as continuity or
di erentiability, which prove to be integrable. Example 4.8 shows that there are also functions
which fail to integrable. We will develop several su cient conditions for integrability, one which
looks similar to \Bolzano-Weierstrauss" and one which amounts to being \almost continuous,"
which is certainly the case with most functions we have seen and will see.

Theorem 4.11

If f is bounded and monotone on4d; b then f is integrable.

Proof. The idea of the proof is the upper and lower Riemann sums are very easy to write down
for monotone functions, and the fact that f is additionally bounded means that we can make
the di erence between the upper and lower Riemann sums arbitrarily small (which is one of our
integrability conditions). In fact, the proof is e ectively identical to the one given in Example 4.7
(see Figure 30).

More formally, assume without loss of generality thatf is increasing on §; b (just replace f with
f ifitis decreasing and apply Theorem 4.9 (3)). For any partition P = fa= Xg <x1 < <Xn=hg
we then have that the lower and upper Riemann sums are determined by the left- and right-
endpoints on each interval:

X X
uf;P)= f(xi )i % 1);  UEGP)= )i X a):
i=1 i=1

Let > 0 be given and choose < [f(b) f(a)] 1. Let P be any partition of [a;l such that
“(P) < , so that

X
Ut;P) u(tiP)= [fxi) i 9l xi 1)
i=1

xXn

[f (xi) f(xi 1)]
i=1
(f(b f(a)
W(f(b) f(a) < :
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Since was arbitrary, Theorem 4.6 part (3) implies that f is integrable.

Note: We could have used uniform partitions here, which would have removed the need to take
< [f(p f(a)] L. Tryrepeating the proof using uniform partitions to test whether you actually
understand the proof. O

Theorem 4.12

Every continuous function on [a; ] is integrable.

It is tempting to use Theorem 4.11, sincef is certainly bounded and we should be able to
restrict f to intervals on which it is monotone. Applying Theorem 4.9 part (1) we would then be
done. However, this does not work, since it can be shown that there are continuous functions on
[a; b which are not monotone on any interval! (Think about the function sin(1=x) and consider
yourself this is not monotone in any interval around 0. Such functions are similar.) Luckily, we can
actually just prove the theorem directly:

Proof. The idea of the theorem is as follows: Continuous function on compact sets are necessarily
uniformly continuous: in e ect, this means that we can control how quickly our function grows by
choosing neighbourhoods of identical but su ciently small size. By choosing a partition to have
length smaller than these neighbourhoods, we can thus control the distance between the maximum
and minimum of a function on each subinterval, and force the upper and lower Riemann sums to
converge.

More formally: Let > 0 be given. Since any continuous function on a compact set is uniformly
continuous, we can nd a > 0 such that wheneverjx yj< thenjf(x) f(y)j< 5. Now let
P=1fxg< < X ng be a partition such that “(P) < . The restriction of f to each subinterval
[Xi 1;Xi] is still continuous, and so by the Extreme Value Theorem,f must attain its maximum
and minimum on [X; 1;X;]. Let m correspond to the max and , correspond to the min so that
Mi=f(m)andm;=f( ). Since v; m2 [Xi 1;Xi] we havej m mi ] Xi Xi 1 < sothat

Mi mi=jM; mjj=jf(m) f(m)J<b 5

Hence the di erence in Riemann sums becomes
xn xo
uf,P) uP)= (Mi m)Xi Xi 1) b a (Xi  Xi 1)
i=1 i=1
X b
b a - Xi Xj 1)= b a( a)= .
Applying Theorem 4.6 part (3), this shows that f is integrable. O

With any luck, your previous courses have taught you that integration over a single point yields
an integral of 0, regardless of the function. In essence, this occurs because a single point has no
\width," and so any Riemann sum over it is zero. We should be able to readily extend this to any
nite number of points, so that an integral over a nite set is still zero, but what happens when
we want to talk in nitely many points? What does it mean to have zero width in this case?
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iMi  mjj< b a

Xi X 1)<

Figure 31: Since our function is uniformly continuous, wheneveix yj < thenjf (x) f(y)j< 5.
By choosing a partition for which the maximal length of a subinterval is less than , we can ensure
that the di erence between the upper and lower integrals on each region is bounded.

_[ De nition 4.13 |

If | =[a;b let the length of | be (1) = b a: If P(R) is the power-set of R, we de ne the
Jordan outer measure? as the functionm : P(R) ! R ¢ given by

8 ‘ _ 9
2y Ik is an interval =
. ~ . n .
m(S) = inf .>k_1 () : S » -

k=1

If m(S) exists andm(@$ = 0, we say that S is Jordan measurable If m(S) = 0 we say that
S has Jordan measure zero

&There is a much more useful notion called the Lebesgue measurgwhich is essentially the same as the
Jordan measure except that we no longer consider a nite covering by intervals, and instead take a countable
collection of intervals.

Most well behaved sets that we can think of are Jordan measurable. An example of a set which
is not Jordan measurable isQ\ [0;1]. Notice that m(@Q\ [0;1])) = m([0;1]) = 1, so that its
boundary does not have zero measure.

Example 4.14 )

Let S be a set containing a single point. Show thatS has zero Jordan measure.

Solution. Let S = fxg so that the point has a name. It suces to show that for every > 0,
m(S) < (why?). Notice that | = x 5;x+ 5 coversS, and (1) = . Since m(S) is the
in mum over all such covers, we havem(S) <" (1) = as required.

| Exercise: Show that the measure of any nite set is also 0. l

Since integration does not seem to recognize individual points, we suspect that changing a
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function at a nite collection of points should not a ect the integral.

Example 4.15 Let f(x) = x on [0; 2] and de ne

(
_ f(x) x61
9= e x=1'

It seems likely that f and g have the same integral on [02]. In order to show that this is

true, we apply a tried-and-tested analysis technique, which essentially involves ignoring the

point which is di erent and taking a limit. More rigorously, for su ciently small > 0, let

U=@1 ;1+ ).0nV =[0;2]lnU =[0;1 ][ [1+ ;2] we have thatf (x) = g(x), and

these are integrable since they are continuous oW . Furthermore, by Theorem 4.9 we have
zZ, z z

g(x)dx = g(x)dx + g(x) dx
0 VAl Vad
= f(x)dx + g(x) dx:
% u
. - R R,
We want to show that in the limit ! O we get , g(x)dx ! O, so that ,f(x)dx =
02 g(x) dx. While the approximation is rather terrible, notice that g(x) Oforallx2 U

and
=106:
Q}%Xg(x) 0~

R
sothat0 [, g(x)dx 2 10°. By the Squeeze Theorem, it then follows that

z
g(x) dx 1'% o
u

Theorem 4.16

If S [a;b is a Jordan measure zero set, and : [a;b] ! R is bounded and continuous
everywhere except possibly atS, then f is integrable.

Proof. Let M and m be the supremum and in mum of f on [a;b] and let > 0 be given. SinceS has
Jord@n measure zero, we can nd a nite collection of intervals (; )J-k:1 suchthatS [ jl; [a;b]
and j‘(lj) < sy SetW = [jlj andV =[a;ffnW. Sincef is continuous onV, it is
integrable onV and hence there exists some partitionP such that U(f jy;P) u(fjv;P) < 5. If
necessary, re neP so that it contains the endpoints of the intervals I;. Writing the upper and
lower Riemann sums over §; b we get

UFP)= U(fjw;P)+ U(fjv;P);  u(f;P)= u(fjw;P)+ u(fjv;P):
Since we already know how to bound theV contribution, we need now only look at the W contri-
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bution. Notice on W we have

X
U(fjw;P)  u(fjw;P) < M m)(l;) (M m)m = é;
j=1

thus

UF;P) ut;P)=[Ujw;P) u(fjw;P)I+[U(fjv:P) u(fjv:P)]

2 2

l1 P

Figure 32: The setW = I [ I, contains the discontinuities of our function. Since our function is
continuous away fromW, we can make the di erence between the upper and lower sums as small
as we want, hence we need only bound the function olV. The di erence in height will always be
atworst M m, but we can make the length of the intervalsl; and I, as small as we want, making
the W contribution arbitrarily small.

Corollary 4.17

R
f; g are integrable on p; b andf = g up to a set of Jordan measure zero, thenff (x)dx =
b .
2 9(X) dx:

This is an easy corollary, whose proof e ectively emulates that of Remark 4.15, so we leave it
as an exercise for the student.

4.2 Integration in R"

The process of integration forR" is e ectively identical to that of R, except now we must use
rectangles instead of intervals, rectangles being a possible analog for higher-dimensional intervals.
We start by focusing on R? to gain a familiarity with the concepts before moving to generalR".

Note: It could be argued that the generalization of a closed interval &; b is a closed ball. One
can develop the following theory with balls, but taking the area/volume of balls usually involves a
nasty factor of hanging around. We want to avoid this, so let us just use rectangles.
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4.2.1 Integration in the Plane

cp By realizing (non-canonically) R> = R R, we can de ne arectangle R in R? as any set which can
be written as R =[a;b [c;d]: this truly looks like a rectangle if drawn in the plane. A partition
of R may then be given by a partition of [a; ] and [c;d]; namely, if Py = fa= xp < <Xp=hg
and Py = fc=yp < <ym = dg are partitions of their respective intervals, thenP = P, Py is
a partition of R, with subrectangles

Ri =[xi u:xi] [ oyl j'=1 ..... o

.....

Y3

Y2
R32

Y1

yOXo X1 X2 X3 Xa

It should be intuitively clear that the area of Rjj will be given by A(Rjj ) =(Xi Xi 1)(Y; V¥ 1),
in which case aRiemann sumfor f : R>! R over the partition P is given by

X
S(f;P)= f (tij JA(Rj ); tj 2 Rj:

The notion of left- and right-Riemann sums no longer make sense, but certainly the upper and
lower Riemann sums are still well-de ned:

#
X X
i=1;:n X2Ri 1. X2Ri
j=1 wm j=1 m

The usual de nitions of Riemann integrability then carry over directly from De nition 4.5.
Restricting ourselves to just one de nition for the moment, we will then say that f : R! R is
Riemann integrable if for any > 0 we can nd a partition P such that U(f;P) u(f;P )< , and
we will write the integral as

Y4 7

f dA; or f(x;y)dxdy:
R

The usual theorems of integration apply:
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Theorem 4.18

1. Linearity of the Integral: If f1;f, are integrable onR and c;; c; 2 R then cif 1+ cof »
is integrable on S and
27 27 27

[C1f1+ szz]dA: C1 fidA+ ¢ fo dA:
R R R

2. Additivity of Domain: If f is integrable on disjoint rectanglesR; and R, then f is
integrable onR1 [ R, and
27 Z7 7

f dA = f dA + f dA:
Ri[ R2 R1 R

3. Monotonicity: If f1 f, are integrable functions onR then
27 27

fldA fszZ
R R

RR
4. §gpnormality: If f is integrable on R and jf | is integrable on R and f dA
jf jdA:

5. If f is continuous, thenf is integrable.

Up to zero measure: As before, we will only be interested in functions up to sets of zero
measure. The notion of zero measurable sets immediately generalizes from the 1-dimensional case
as follows:

,_f De nition 4.19 |

The Jordan outer measureof a setS 2 R? is de ned to be
8
<X Rjj is a[rectangle
m(S) =inf A(Rj): S Rij
i5j i

If m(S) is de ned, and m(@$= 0 we say that S is Jordan measurable Additionally, if S is
Jordan measurable andm(S) = 0, we say S has Jordan measure zero.

For any reasonably nice set, one can think of the Jordan measure as the area. For example, if
B2= (x;y)2 R?:x2+y2 1 isthe unitdisk, then m(B%) = (though this is extremely tough
to show by hand!). Intuitively, zero-measure sets ofR? are those which do not have any area, and
one would suspect that \one-dimensional" objects should have no area.

Example 4.20 )

Show that the setS=[0;1] f 0g R? has zero Jordan measure.
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Solution. Fix a positive integer k 2 Z, and consider thek squaresR; de ned as

i i+l 1 1
Ri = E,T E,E y I—O,..,k 1
each of which has an area o%. The student can check thatS [ !‘zolRi so that fR;jg cover S.

Moreover, there are exactlyk such squares, so their total area ik Elz = % Since the Jordan

measure is the in mum over all possible measures, we have that (S) % Since we chosek

arbitrarily, we can make (S) as small as we want, showing that (S) = 0.

Xl

This likely seemed like an unnecessarily di cult way of doing the problem: certainly we could
have just placed an rectangle of length 1 and heigh% around the interval and let k shrink to zero.
The important point here is that as we let k grow, the number of rectangles increased proportional
to k, while the area decreased proportional tok?.

Theorem 4.21

If f :R! R2is of classC!, then for every interval I R we have thatf(l) has zero content.

Proof. As mentioned before, the idea of the proof is that the image oR under a C! function has

no width, but how do we show this? By thinking of f(t) = ( f1(t);f2(t)) as a curve, its derivatives
fqt) = (ft);f 1)) represent the velocity of the curve. If we take the maximum horizontal speed
C = max f {(t), then by restricting to an interval [ a; b, we see that the maximum horizontal distance
that the function can travel is bounded above by C (b a); that is, distance = speed time.

Proceeding similarly with the vertical direction means that we can put f([a; b]) into a box whose
area is proportional to C(b a)?, and since we have control over how to partition our curve, we
can always force this number as small as we want.

More formally, let | be a xed interval and > 0 be given. Since is of classC1, we know that
jfqt)j is continuous and hence attains its max and min onl . Let S = maxy,, jf{t)j and choose an
integer k such that k > 11)°S* | et P be a uniform partition of | into k sub-intervals and notice
then that

(M)

r _—
N 1
Pr= 0 <s i

Fix a sub-interval [x;;Xxj+1] and apply the Mean Value Theorem to the component functions
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f1(t) and f,(t) on this interval to nd t; 2 [x;; Xj+1] satisfying
1r _r
jfaxi)  falxi o) § fAtDixi X 4 Sixi Xi 4 SS K K
and similarly jfa(xj) fa(Xi 1)j < P . Hencef([xi;x; 1]) is contained is a box whose with area

at most E 2 = «- Since there arek such partitions, this means that f(I) can covered byk-
rectangles whose total width at is at mostk = . Since was arbitrary, this completes the
proof. O

max

Figure 33: By looking at the maximum speed that the function attains, one can nd the worst
case box the each subinterval (marked by black dots) ts into. As we increase the number of
subintervals, the number of necessary boxes increases linearly, while the area of each box decreases
proportional to the n-th power.

De nition 4.22 |

Acurve f :[a;b! R" is said to be piecewiseC! if it is C! at all but a nite number of
points.

Corollary 4.23

Any set S R? such that @Sis de ned by a piecewiseC* curve is Jordan measurable.

Proof. The proof of this corollary is immediate. If S has a boundary de ned by a piecewise smooth
curve, then its boundary has zero Jordan measure by Theorem 4.21. This is precisely the de nition
for S to be Jordan measurable. O

Theorem 4.24

If R is a rectangle andf is continuous onR up to a set of Jordan measure 0, thenf is
integrable.

Proof. This proof is e ectively the same as Theorem 4.16. O

117



4 Integration 4.2 Integration in R"

Integrability over non-Rectangles: Of course, we would like to be able to integrate functions
over other (bounded) sets that aren't just rectangles! IfS R? is a bounded set, we can always
nd a su ciently large rectangle R containing S. We thus need only extendf : S! R? in a way
that should not a ect which rectangle we take. The way to do this is to de ne the characteristic
function of S:

1 x2S

X) = :
s(X) 0 otherwise

Figure 34: Every bounded set can be placed inside a rectangle.

Thus the function f s : R ! Risjust f(x) on S and is identically O everywhere else. Note
that the choice of enveloping rectangle really doesn't a ectf g since we have extended by zero
outside of Sy Ve would now like to check that f s is integrable on R so that it makes sense to
write down ¢ f dA.

Theorem 4.25

If S is Jordan measurable and the set of discontinuities of : S! R? has zero measure,
then f is Riemann integrable onS.

Proof. It is easy to convince ourselves that the discontinuities of the characteristic function s
occur exactly at the boundary @S If S is Jordan measurable, therm(@ $= 0. The discontinuities
of f are also Jordan measure zero, hence the total discontinuities d¢f s has zero measure, so this
function is integrable.

More rigorously, x a rectangle R such that S R. Let D be the set of discontinuities of
f and note that the set of discontinuities of s is given by @S It then follows that the set of
discontinuities of f son R isD [ @S Since the union of zero measure sets has zero measufre,s
has zero-measure discontinuities orfR and hence is Riemann Integrable by Theorem 4.24. O

In particular, we have the following Corollary:
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Corollary 4.26
Z

If S R?is Jordan measurable thenm(S) = s:
s

4.2.2 Integration Beyond 2-dimensions

Now we generalize things for (hopefully!) the last time. A rectangle inR" is any set of the form
R =[a;b] [an; bn];
and has volumeV(R) = (bh  a1) (bn  an). A partition of R may be specied by an

R(i:i.) b€ the sub-rectangle corresponding to theig;:::;in) element. A tagged Riemann sum

X
S(f,P): f t(il ..... in) V(R( ----- in)); t2 R(i1 """ in)-

..........

As usual, one can de ne the upperU(f; P ) and lower u(f; P ) Riemann sums using the supremum
and in mum, in which case we say thatf : R R" ! R is integrable precisely when for every
> 0 there exists a partition P such that

Uf;P) u(f;p)<:

To extend the de nition of the integral beyond rectangles, we once again introduce the Jordan
measure. The Jordan measure of a s&éb is de ned as the in mum of the volumes of all covering
rectangles, andS is Jordan measurable if its boundary has measure zero. K < n then the image
ofaClmapf : R¥! R" has Jordan measure zero. A functiorf : S! R is then integrable if S is
Jordan measurable and if the set of discontinuities of on S has Jordan measure zero. We denote

the integral of such a function as:
Z Z Z Z Z

fdv = f (x)d"x = f(Xg;i:Xp)dxy  dxp:
S

The only thing left to mention is the Mean Value Theorem:
Theorem 4.27: Mean Value Theorem

Let S R" be a compact, connected, and Jordan measurable set, with continuous functions
f,g :S! R satisfyingg 0. Then there exists a pointa 2 S such that
z z z z

f (x)g(x)d"x = f (a) g(x)d"x:
s s

Proof. SinceS is compact andf is continuous onS, it attains its max and min on S, say M and

m respectively. Sinceg 0 we have
z z z z z

m g(x)d"x f(x)g(x)d"x M g(x)d"x:
s S S
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or equivalently R R
2 sk ()ge)dx
s 9(x)d"x

Sincef is continuous and S is connected,f is surjective on jm; M ] and hence the Intermediate
Value Theorem implies the middle term isf (a) for somea 2 S, as required. O

The student has likely noticed that this section is lled with theory, and zero computation. The
reason for this is that computing integrals in multiple dimensions is an incredibly di cult thing to
do. The reason is that for any partitioning subrectangle, we are looking at the supremum/in mum
of our function restricted to that n-dimensional rectangle. In a sense, we have to integrate in all
n-dimension simultaneously. This is not easy to do, so our next section will introduce a method by
which we integrate our function in “slices.’

4.3 lterated Integrals

In developing the theory of integration in the plane and higher, it was necessary to consider par-
titions of rectangles and hence, in essence, to consider the area of function with respect to an
in nitesimal area d A. Of importance is that this area term encapsulates information about every
dimension simultaneously, but simultaneity is a computational obstacle. For example, when learn-
ing to di erentiate a multivariate function, we needed to invest a great deal of energy into simply
analyzing the change of the functionin a single, speci ¢ direction (ie the partial derivatives). If we
want to know how the function is changing in an arbitrary direction, we then have the directional
derivative d,f = r f u, so that the gradient r f somehow represents that simultaneous derivative
of f at any point.

Consider now the problem of computing the upper sumU(f; P ) for a function f on a partition
P. For each subrectangle R, one would need to determine the supremum of on Rj. If our
function is C1, even this involves solving for critical points on the interior, then using the method
of Lagrange multipliers on the boundary. What a nightmare!

From our single variable calculus days, we know that integration is often more di cult that the
formulaic recipe-following nature of di erentiation. The fact that \simultaneous" di erentiation
required so much work does not bode well for the idea of simultaneous integration. So as math-
ematicians, we won't bother trying to gure it out. Instead, we will apply the mathematicians
favourite tool: We will reduce simultaneous integration to a problem we have solved before: one
dimensional integration.

As always, we start out with a rectangle R = [a;b [c;d] in the plane, partitioned into P =
Px Py=1fXxo< Xng f yo< Ym0. The prototypical Riemann sum which corresponds to this
partition is

X X
S(f;P) = f (X )A(Rjj) = fOearyy) Xy
i2f 1;::5ng i2f 1;::ng
j2f 1;:nmg j2f 1;:mg

where (¢;¥) 2 [Xi Xl [y; vyjland xi=(xi  Xi 1); ¥ =(Y; Y 1)- Now if we look at
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this sum, we can decompose it as

X xnoooxo
foery) xioy = fOery) X ye (4.1)
i2f 1. j=1 =1
jI2f l;:::;rr:199 . I R {Z }
;f(x;y,)dx

The heuristic idea is as follows: if we de ne the function
Zy
= i S(f; P P,) = f(x;y)d
(¥ \(;rxr)l! 0 (f;Px v) . (X; y) dx

then (4.1) gives
z
f (x;y)dx
R

XX

lim f(xiiy) Xy
(PO i
xn

lim
@ o, Ok (%) Yk

Zg4 Zy
f(x;y)dx dy

C a

Now strictly speaking, what we have done here is not kosher, since in particular we had to
assume two things:
1. The limit “(P)! O is equivalent to rst doing (Px)! Othen (Py)! O, and

2. Each of the \slices" f (X; yx) is integrable.

If we make these assumptions and add a pinch of rigour (which we will not do here), we get

Theorem 4.28: Fubini's Theorem

Let R =[a;b |[c;d be a rectangle andf : R ! R an integrable function on R. If for
eachyolg [c;d] the function fy, : [a;b]! R given by x 7! f (X;yo) is integrable on [a; b], and
a(y) = :f (x;y)dx is integrable on [c; d], then
z Za 7
f dA = f(x;y)dx dy:

R c a

Of course, the theorem also holds with the roles ok and y reversed.

Example 4.29

Determine the volume under the functionf (x;y) = xeX* Y on the rectangleR =[0;1] [O;1].

Solution. Sincef is a continuous function onR it is integrable, and so certainly each of the slices
fy(x) or fx(y) are integrable as well. We will do the calculation both ways to show that the integral
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f(x;y)

Yo

Figure 35: Fixing a yg, we look atF\;he function f (x;yg). If this function is integrable for each yy,
then the value of g(yo) is precisely bt (x;yo) dx, the shaded region. Ifg is also integrable, then we
can compute the integral off by these slices.

yields the same results. If we integrate rst with respect to x then y, we have

Z1 2, , Z, 1 1
xe*” Ydx dy= eX dy
0 0 0 x=0
1 21
=-(e 1) eYdy
2 0
_1 1_ 1 1
=5 1 eYo= e e’ 1
=1 cosh(1)

Conversely, let us instead integrate with respect toy rst. We have
Zy 2, Z,

xe’ Ydy dx= (el 1) xe¥dx
0 0 0

= (el 1)e 1)=1 cosh(1)

As expected, the result was the same either way.

Of course, the above example was very simple since we could decompose our functidix; y) =
f1(x)f 2(y), but the result still holds even when such a decomposition is not possible.

Now rectangles are rather boring objects about which to integrate, so we again look at Jordan
measurable setsS  R2. In particular, we will suppose that S has its boundary de ned by piecewise
C? curves; say

S=f(x;y):a x by, (xX) vy (x)g:
In this case, our integration becomes
z Zy2Z #

X)
f dA = f(x;y)dy dx:
S a (x)
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Often times, the most di cult part of solving an iterated integral question comes from determining
the bounding functions, though sometimes we are fortunate and they are already prescribed.

Example 4.30

Find the integral of the function f (x;y) = X%ﬁr—l on the intersection of

fy O0g\fx 1g\ y x?

Solution. In any situation of performing iterated integrals, it is best to draw a diagram of the region
over which we are integrating. In our case, we can see that the region may be summarily described
as

S= (xy):0 x 1,0 y x?

Certainly our function is continuous on S (since x®> + 1 6 0 on this set) and so is integrable,
along with any of the slices. This means we may apply Fubini's theorem:

zz 2,7, , #
f dA = dy d
s o o X°+1 y oo
_}Zl y2 dex—}Zl x4
T2 5 x5+1 2 o x5+1
1 L InQ)
= —Injx°+1j} = :
10T HeT g

Note that the region in Example 4.30 also could have been described by

S=1f0 vy 1;p7 x 1g;

so we also could have (attempted to) compute the integral as

7z z,2, #

_ y :
SfdA— , pyx5+1dx dy:
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<
I
x

Figure 36

This probably would not have worked as nicely though, sinceﬁ is not easy to integrate. This

suggests that being able to rewrite our domain is a useful skill, since sometimes we are given the
boundary, but the problem is not amenable to the given description.

Example 4.31

Determine the integral of the function f (x;y) = &* on the region bounded by the lines
y=1 x=0and y= x.

Solution. The region is a simple triangle, given in Figure 36, which can be written as either of the
following two sets

S=f0 x 1, x y 1g
=f0 y 1,0 x yg:

If we try to use the rst description, we get
z Z, 7,
f dA = &’ dy dx
S 0 X

but the function &> has no elementary anti-derivative, and we are stuck. On the other hand, using
the second description gives

z z,2,
f dA = e’ dx dy
S 0 0
Z'1h ziX=y Z, ,
= xeY dy= ye' dy
0 x=0 0
1.1 1
= o = Z(e 1)
20 o 2
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Example 4.32 )

RR
Determine ¢ xy dA where S is the region bounded byy = x 1 and y2=2X +86.

y2=2x+6

Solution. We begin by drawing a rough picture of what the boundary looks like. Notice that the
intersection of these two lines occurs when

(x 1)2=2x+6; , x? 4x 5=0; , x=5; 1
which corresponds to the pairs ( 1; 2) and (5;4). Now our gure shows that it will be very hard

to write thisas fa x b; (X) vy (x)g, so instead we try to switch the variables. In that
case, notice that we can writeS as

1
S= 2 vy 4 Ey2 3 x y+1
Now integrating, we get
YA YA 4 z y+1 #
xy dA = Xy dx dy
S 2 1y2 3

144

- 2, yt1

2, X y 1y2 3 dy

7 #

174 2 1. 2

= = +1 = 3 d
5> Y y+h Y y

z

174y 3 2
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4 Integration 4.3 lterated Integrals

Thus far we have been fortunate: most of our examples are clearlZ! on the region on which
they are de ned, and all the hypotheses of Fubini's theorem become easily veri ed. However, there
are instances where Fubini will not hold, as the following example demonstrates.

Example 4.33

xy(x* y?)

Consider the function f (x;y) = xZ+ y2)3

on the rectangleR =[0;1] [0;1].

Solution. Let us nawvely assume that Fubini's theorem applies. Notice that f is symmetric in x
and y with the exception of a negative sign in the numerator. Hence

Z Z
Txy(x2 y2) 17"y 2y? du substitution with
o (x2+y?)?3 u=x+y?

_ y .y
2(1+y?)  2(1+y?)?
y
2(1+y?)?

This in turn is easily integrated with respect to vy, to yield

_ 2
) 72(1+y2)2 du u=1l+y

dy =

The computation in the other order is exactly the same, except one gets an extra negative sign
coming from the original substitution u = x?+ y2. Thus
zZ, Z Z, Z
1 1 xy(x2 yZ) 1 1 Xy(XZ y2)
o o (X*+y?) o o (x2+y?)3
and the integrals are not equal. The reason why Fubini's theorem fails is thatf is not integrable
on R. Indeed, f is not even bounded onR and so certainly cannot be integrable.

One might wonder if the only way the solutions will disagree is a minus-sign. The answer is no,
as can be checked by using a non-symmetric rectangle. As an exercise, the student should check
that if the rectangle R =[0;2] [0;1] is used instead, the resulting integrals will di er in value as
well as sign.
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4.3 lterated Integrals 4 Integration

Triple! Integrals: Of course we have limited our discussion thus far to functions of two variables,
but there was no reason to (other than to keep ourselves from headaches). Naturally, we can extend
to three dimensions and beyond, and so perform integration inn-variables. However, because
drawing diagrams is so critical for doing iterated integrals, we typically tend to avoid doing them

in 4-dimensions or greater. In this course, we will not see integrals in more than 3-variables.

This being said, what happens when we want to integrate a function in three variables? The
solution is to proceed just as before, except that now we write our domain as

S=f(xy;z):a x by (x) y (X" (xy) z (Xy)g;

and the corresponding integral becomes
m Z # #

27z Zy Z (x (xy)

f(x;y;z)dA = f(x;y;z)dz dy dx:
S a (x) " (xy)

Example 4.34 )

RRR
Determine ¢z dA if Sis the set bounded by the planesx = 0;y =0;z=0and x+y+z =
1.

Solution. This shape is a tetrahedron whose boundaries are the three standard unit normals
fegi-; o3 and the origin (0;0;0). Now 0 x 1 is evident, and projecting into the xy-plane
we seethat0 y 1 x. Finally, we clearly havethat0 z 1 x vy so that

7727 Z1Zy,2Z1,y
z dA = zdz dy dx
s 0 w_0 0 #
Z1 21y o1xy
= Z— dy dx
0o 0 2
Z Z Z 1 x
1 1 1 x 1 1 1 3
= — (1 x y)zdy dx = = u dx
ZZO 0 2 o 3 0
191 1 @ x4t 1
= 1 3d = >~ 7 = —
6 ot XWd=g 4, 24

Example 4.35 J

RRR
Determine  4(2x + 4z)dV where S is the region bounded by the planesy = x, z = X,
z=0,and y = x2.

Solution. The student should stare at these equations for some time and try to visualize the space.
In particular, a nice parameterization of the space can be given as



4 Integration 4.4 Change of Variables

Our function is clearly C* on this set, so we can apply Fubini to get
2727 Z,72, 7Z,

fdv = (2x+4z)dz dy dx
S 0 _x2 0

2x% +2x%dy dx

4.4 Change of Variables

There is a great idea amongst physicists that the properties of a physical system should be invariant
of how you choose to look at that system. Consider for example, a driver racing around a circular
track. We should be able to determine fundamental physical facts about the driver regardless of
whether we are looking at the driver from the stands, from the center of the track, or even from
the backseat of the car. However, each point of view o ers its own advantages and disadvantages.
For example, the observer at the center of the track only sees a change in the angle of the car
relative to the observer, with the distance remaining constant. On the other hand, the backseat
observer will see the driver experience the ctitious centrifugal force, while the external observers
will simply see inertia.

Another exceptionally important example is the theory of special relativity. E ectively, if one
starts with the simple (but unintuitive) assumption that the speed of light is constant in every
frame of reference, then much of theory of special relativity (such as time/length dilation, breaking
simultaneity) can be derived simply by analyzing what happens from di erent view points. This
section is dedicated to analyzing how this is done mathematically, and how we can use this to make
headway on di cult integrals.

4.4.1 Coordinates

It is di cult to describe what we mean by a set of coordinates without using more technical lan-
guage. The e ective idea is that a coordinate system should be a way of (uniquely) and continuously
describing a point in your space. Cartesian coordinates are those with which we are most familiar,
and are given by ;y), describing the horizontal and vertical displacement of a point from the
origin. However, the origin itself corresponds to an arbitrary choice: choose some other point in
the plane and call that the origin, and notice that fundamentally, our space has not changed. For
example, a circlex? + y? = 1 is in many ways the same as the circlex a)?+(y b)?=1 for any
choice of @;b), we have simply \moved it." Such a transformation is called a translation and are
described as functionsf (x;y)=(x a;y b).

Similarly, one might choose to change how we want to measure distances, resulting inszaling
of the fromf (x;y)=( x;y )for ; 60 (when < O this corresponds to re ecting about the
y-axis, and similarly < 0 is re ection about the x-axis). We could even rotate our coordinate
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4.4 Change of Variables 4 Integration

system by an angle viathe mapf (x;y) = (cos( )x+sin( )y;cos()y sin( )x): Combining scaling,
rotations, and translations, one getsa ne transformations f (x;y) = ( c1x+ cy + c3; dix+ day+ d3).

But of course we have seen many other types of coordinate systems. For exampjmlar coordi-
nates are described by the function &;y) = f(r; )= (rcos();rsin( )). In R® we have cylindrical
and spherical coordinates:

(x;y;z)=f(r; ;z)=(rcos();rsin( );z)
(xy;z)=9(;; )=( sin()cos(); sin()sin( ); cos())

Though one problem faced with these set of coordinates is that without restrictions onr; ; ;
the coordinate system may not be unique! For example, the following all represent the same set of
points

(cos( );sin( ))=(cos( );sin( ))=( cos(0) sin(0)):

For polar coordinates we thus demand thatr 2 (0;1 ) and 2 [0;2 ). For spherical coordinates,
onetakes 2 (0;1); 2 [0; ], and 2 [0;2 ). Unfortunately, this means that we must make a
sacr ce in the collection of points we are able to represent, for example, the origin (0) cannot be
written in polar coordinates. Hence our function is a mapf : (0;1) [0;2 )! R?nf(0;0)g.

There are countless other types of coordinate systems one might want to use, for example
(x;y)=f(; )=(e; 2), though again we run into uniqueness issues and need to restrict our sets
in order to have a \good" coordinate system. For example, in this case our good coordinate system
is between the setf :R [0;1)! (0;1) [0;1):

So what restriction should we place onf to ensure that we have a good coordinate system
between setsU;V  R"? Just for things to be unique we should certainly require thatf : U ! V
is bijective (so that f 1:V | U exists) and for things to play well with calculus, we should also
require that f andf * be di erentiable.

De nition 4.36 |

If UV R"andf:U! V isaC! bijection with C! inversef 1:V | U, then we say
that f is a di eomorphism.

Once we have a dieomorphismf : U ! V we know that our spacesU;V are, in a sense,
identical with respect to di erentiation. Importantly however, the notion of lengths/volume may
have changed. As our end goal will be to apply di eomorphisms to integrals, we want to examine
in nitesimal changes.

Consider for example the di eomorphismf : (0;1) [0:2 ) ! R2nf(0;0)g given by polar
coordinates

(x;y)= f(r; )=(rcos();rsin()):

It is easy to see thatf is C1, and moreover it has an inverse
1 P 2 2 y
(, )=1 *(xy)= X2 + y2;arctan "

It may not be immediately obvious that f ! is di erentiable, but the absence of the origin (0;0)
ensures that this is the case.
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4 Integration 4.4 Change of Variables

Let's see how areas change under this transformation. Consider a rectangle;b] [; ] in
(r; )-space; thatis,a r band . Applying f, we get an arc-segment, as illustrated in
Figure 37.

o /
D
J.-a

Qf----
ol|----

Figure 37: How a simple square in polar coordinates (left) changes under the map(r; ) =
(r cos();rsin()).

If we think of these as describing in nitesimal elements, thenDf : R" ! R" is a linear trans-
formation between thef dr; d g basis and thef dx; dyg basis,

cos() rsin()
sin() rcos()

and we can apply the following theorem:

Theorem 4.37

If T:V ! W is a linear transformation between vector spaces of the same dimension, and
S V is measurable with measurem(S), then

m(TS) = jdetTim(S):
One can easily check thatjdetDfj=r, and so ckdy = rdrd .

Exterior Algebra: There is another technique for deriving this relationship, although the rigours
of the theory would take us very far a eld. Instead, one can summarize the basic rules of how to
manipulate in nitesimal terms. Let d x; dy; and dz represent three in nitesimal terms (though
this generalizes to a higher number of terms, and not just Cartesian coordinates).

1. The order of multiplication matters: dx dy 6 dy dx, so pay careful attention to the ordering,
2. Otherwise, multiplication can be done as normal:

(f dx + gdy)(hdz) = fh dx dz + gh dy dz;

3. To interchange two in nitesimals which are adjacent, introduce a  sign:

dx dydz= dydx dz= dx dzdy;
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4.4 Change of Variables 4 Integration

4. If two of the same in nitesimal appear, the term becomes zero:

dx dx=0; dxdydy=0; dxdzdx=0:

For example, if (x;y) = (r cos();r sin( )), then

dx = d(r cos()) =cos( )dr rsin( )d
dy = d(r sin( )) =sin( )dr + r cos()d
dx dy =(cos( )dr rsin( )d )(sin( )dr + rcos()d )
(fos( )sg )dr di rsin’( )d dr+ rcos( )drd [ sin( )ci%s()d d}

r(sin?( ) +cos?( ))dr d
rdrd:

In fact, notice that rules 3 and 4 are very similar to determinants: Interchanging two columns
corresponds to introducing a minus sign, and if two rows are linearly dependent, the determinant
is zero. This is not a coincidence, as it turns out the exterior algebra for in nitesimals is intimately
related to determinants.

4.4.2 Integration

The content of this section is extraordinarily useful but the proofs are cumbersome and not par-
ticularly enlightening. Consequently, we will motivate the situation by analyzing what happens in
the one-dimensional case, before stating the major theorem (without proof).

In the one-dimensional case, there is not much in the way of variable changing that can be done!
Nonetheless, the student has already seen a plethora of examples which greatly emulate coordinate
changing: The method of substitution. For example, when integrating the equation

Z
3 X
5, X2 1

dax;

the student should (hopefully) realize that the appropriate substitution here is u = x®> 1 so that
du = 2x dx, and the integral becomes
Z3 Zg

dxl

1 .
T ™75 adu:[InJUJ]g:In(B) In(3):

In e ect, the theory behind why this works is that we have realized that working in the x-coordinate
system is rather silly since it makes our integral look complicated. By changing to theu = 1+ x?
coordinate system, the integral reduces to something which we can easily solve.

The theory is as follows (though our presentation might seem a bit backwards compared to how
such integrals are usually computed): The fundamental theorem of calculus easily tells us that
Zp Z g0
f (9(x)) go(x)dx = f (u)du (4.2)

a g(a)
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4 Integration 4.4 Change of Variables

where u = g(x) so that du = g4x)dx. The idea is that by introducing the auxiliary function
u = g(x) we were able to greatly reduce the problem to something more elementary, and that is
the goal of changing variables.

Unfortunately, there is never a single way to change variables, and it can make our notation a
bit of a headache. For example, what if we had instead chosen the substitutiom = 1 X2 in the

previous example, so that the integral became
Z3de—}2 8}du'
>, X2 12 su
Notice that the bounds of integration are in the wrong order, since certainly 3 > 8. We of
course X this by introducing a negative sign and interchanging the bounds and arrive at the same
answer, but the point is that we do not want to have to worry about whether we have changed
the orientation © of the interval (since this will become a grand nightmare in multiple dimensions!).
Hence ifl =[a; ], we will write (4.2) as
z z
| f Yg(x))ighx)j dx = (I)f (u)du:
9
What is bothersome about this equation is that g appears on both sides of the equation. Ifj is a
change of coordinates (so that it is a di eomorphism onl), then there is no harm in replacing g
with g 1. Let J = g(l) so that we get
z z
fYg(x)igtx)jdx = f(u)du:
g *(J) J

So what do we do in higher dimension?
Theorem 4.38: Change of Variables

If S;T R" are measurable andG : S! T is a di eomorphism, then for any integrable
function f : T! R we have
Z Z

f(u)du = f (G (x))] detD G (x)j dx:
T G YT)

The term jdetD Gj is known as the Jacobian of the change of variables.

Again, this proof is laborious and of no great value, so we omit it here. Note that this e ectively
say that the element jdetD G(x)j represent the scaling of the volume element we had discussed
before. Indeed, previously we saw that the change in area resulting from using polar coordinates
was to multiply by r. If (x;y) = G(r; )=(rcos();rsin()) then

cos() rsin( )
sin() rcos()

rcog( )+ rsin?()

jdetDG(r; )j= det

=r

5This is a remarkably subtle but important point that does not manifest in 1-dimension but proves to be truly
inconvenient in higher dimensions. There is an entire theory of orientability of surfaces and higher dimensional spaces,
and if your space is not orientable then it is di cult to do integration.
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4.4 Change of Variables 4 Integration

which exactly agrees with our previous assessment that xddy = r dr d . The following are the
two most often used coordinate changes in three dimensions:

Example 4.39

1. Cylindrical Coordinates: Recall that cylindrical coordinates are related to Carte-
sian coordinates by &;y;z) = g(r; ;z)=(rcos();rsin( );z). Hence

cos() rsin() 0l
det@sin( ) rcos() OA
0 01

jdetDg(r; ;z)j

=r

This is not terribly surprising: cylindrical coordinates are polar coordinates with the
z-direction una ected. Hence we only expect the scaling to occur in thexy-dimensions,
and this is indeed what we see.

2. Spherical Coordinates: Cartesian and Spherical coordinates are related by
(x;v;2)=49(;; )=( sin cos; sin sin; cos ), and
0 . . 1
sin cos COS cO0Ss sin sin
jdetDg(;; )j= det@sin sin cos sin sin cos A
cos sin 0

=cos 2cos sin co€ + 2cos sin sin?
+ sin sin® co€ + sin? sin?
= 2co€ sin + Zsin? sin

= 2sin

Let (u;v) = (€ cos(); € sin( )). Determine dudv as a function of d d and vice versa.

Solution. Computing the Jacobian of the transformation one gets

det e cos() € sin() iy

e sin( ) € cos()

andso dudv=e* drd.

To compute dr d in terms of du; dv one could try to nd the inverse of the coordinate
transformation, but that would prove exceptionally di cult. Instead, recognize that u?+ v2 = &
and hence

1 du dv
drd = gdudV— i

We can now exploit change of variables to make integration much easier:
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4 Integration 4.4 Change of Variables

Example 4.41 )

RR , ,
Let R= (xy)2R?:1 x%?+y? 3 .Evaluate e Y dA.

Solution. Our region R is simply the area between the cirﬁlgs of radius 1 anolp 3, so we use polar
coordinates. Let (x;y)=(rcos();rsin( ))sothat S=[1; 3) [0;2 )isjustarectanglein (r; )
space, andG : S! T is a di eomorphism. Integrating using change of variables gives

ZZ ZP57, ZP3

etV dA = e’rdrd =2 re” dr d
R 1h i%§ 1

Let S be the region bounded by the curvescy = 1, xy =3, x* y?=1and x* y*=4.
Compute (X% + y?)dA:

Solution. The region suggests that we should take a change of variables of the formn= xy and
v = x? y?, so that setting

T=fl1 u 31 v 4g

implies that G : S! T given by (u;v) = G(x;y) = (xy;x? y?) is a di eomorphism. Now

. N y X
jdetDG(x;y)j = det x 2y

=2(x2+ y?):

Thus dudv = 2(x?+ y?)dx dy and our integral becomes

27 Z
(x?+ y?)dxdy =
S

=

> Tdudv=3:

Example 4.43

Find the area bounded between the sphera? + y? + z2 = 4 and the cylinder x? + y? = 1.

Solution. Let B be the region bounded. Let's use cylindrical coordinates, so that @ dy dz =
r dr d dz. Now by drawing a picture, it is clear that we are symmetric about re ection in the
xy-plane, so we need only nd the volume bounded by the upper-half hemisphere and the cylinder,
B.. The total area will be governed byr 2 (0;1) and 2 (0;2 ), but our z coordinate will by
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4.4 Change of Variables 4 Integration

represented byz = P 4 x2 y2= P 4 r2, Our integral is thus

4 Zy 24121

dx dy dz = r dzdrd
B+ 0 _0 o0

p
= r 4 r2drd

Hence the fully bounded area is B, = % 8 3 3.
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5 Vector Fields

5 Vector Fields

Section 4 was principally concerned with integrating functionsf : R" ! R, whose geometric
interpretation was to nd the area under the graph of f on some domain. In contrast to this, we
now turn our focus to the more general case of functiong : R" ! R". However, the geometric
interpretation of what an integral is will change dramatically. It no longer makes sense to ask about
things like upper and lower Riemann sums sincé=(x) 2 R", there is measure of what is \largest"
or \smallest," so we are no longer thinking about areas under graphs.

Instead, the function F describes what is called avector eld. A vector eld is function which
prescribes to every pointx 2 R" an arrow, F(x). For example, consider the vector eld F(x;y) =
(x2; y). To determine what arrow to place at x = (1;2) we computeF(2;1) = (4; 1).

y

(2;1)
1,,

1+

We can visualize vector elds by choosing multiple points and drawing the vectors which cor-
respond to them, as in Figure 38

Vector elds can be used to describe physical elds and forces. For example, the force exhibited
at a single point by an electromagnetic eld or gravity may be conveyed as a vector eld. On the
other hand, a vector eld might describe the ow of a liquid, such as water in a stream or air over
wing. Our goal in this section is to see how we can use vector elds to compute useful quantities,
which often have physical interpretations such as ux or work.

5.1 Vector Derivatives

Depending on whether a given function is vector-valued or not, there are multiple di erent kinds
of derivatives that we can take. In this section, we are going to look at four such operators: the
gradient (which you have already seen), divergence, curl, and the Laplacian. In turns out that the
rst three of these are all actually the same operator in disguise, but that is a rather advanced
topic which we (probably) won't cover in this class. The trick in all of these cases is to think of the
nabla operatorr as a vector whose components are the partial derivative operators. Hence R",
the nabla operator is

1. Gradient: Letf :R"! R be aC! function. The gradient of f is
gradf =rf = —;.:1;—
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Figure 38: A visualization of several vector elds. Using many points gives us an intuitive idea for
how these vectors " ow."
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5 Vector Fields 5.1 Vector Derivatives

The gradient measures how quickly the functionf is changing in each of the given coordinate
axes, andr f in its totality gives the direction of steepest ascent. As an example computation,
if f(x;y;z)= zsin(xy) then

r f(xyy;z) = @@)Jz sin(xy)]; ng sin(xy)]; @@Jz sin(xy)]

= (zycos(y); zx cosfy); sin(xy)) :

2. Divergence: If F:R"! R" is aCl-vector eld, then the divergenceof F is

_ @k, , @F
@x @x

The divergence is a measure of then nitesimal ux of the vector eld; that is, the amount of
the eld which is passing through an in nitesimal surface area. As an example, ifF(x;y;z) =
(x2;y?: z%) then

dvF=r F

div F(x;y;z) = @@)2(2 + gyz + @@222
=2X+2y+2z:

3. Curl: If F:R3! RSisaC!vector eldin R3, then the curl of F is

@k @F @F @k @F @Ff
@x @% @% @x @x @x%

The curl measures thein nitesimal circulation of the vector eld. Furthermore, notice that
the curl only makes sense irR3. There are higher dimensional analogs of the curl, but they
are very messy to write down. For example, ifF (x;y;z) = ( X?y;xyz; x°y?) then

curlF =r F =

curl F(x;y;z) = 2x% xy;0 ( 2xy?);yz X2

= xy(@x+1);2xy%yz x? :

4. Laplacian: If f : R"! R is aC? function, then the Laplacian of f is

Notice that one can also writer 2 = r r so that the Laplacian is the divergence of the

gradient. In essence, the Laplacian measures the in nitesimal rate of change of the function
f in outward rays along spheres. Iff (x;y;z) = x?y + z3, then an example of computing the

Laplacian is given by

r2f(xy;z) = @@;% xXy+ 23 + @@2 xy+ 23 + (gﬁ x%y+ z3
=2y+62z:
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All of these vector derivatives are exceptionally important in physics and mathematics. Of
particular note is the Laplacian, which is central to the study of partial di erential equations and
harmonic analysis.

We have already seen the gradient: it physically represents the direction of steepest ascent. The
names associated to divergence and curl are also done with a purpose. We do not yet have the tools,
but one can show that the curl of a vector eld in R® corresponds to in nitesimal circulation of
the vector eld (how quickly the eld is spinning around), while the divergence is the in nitesimal
ux of the vector eld (how quickly the eld is spreading out). For this reason, if F is a vector
eld such that curl F = 0, we say that F is irrotational . Similarly, if div F = 0 we say that F is
incompressible

Proposition 5.1

Let f;g :R"! RandF;G :R"! R" all be C! (taking n = 3 when appropriate). Then
the gradient, divergence, and curl all satisfy the following properties:

grad(fg) = f gradg + ggradf

grad(F G)=(F r)G+F (curlG)+(G r )F+G (curlF)
curl(fG)= fecurlG +(grad f) G

curl(F G)=(G r )F+(ivG)F (F r)G (divF)G
div(fG)= fdivG +(grad f )G

div(F G)=G (curlF) F (curlG)

Proof. The majority of these are straightforward if laborious, so we will only do one as an example.
Let's show that

curl(fG)= fcurlG +(grad f) G:
Let G =(G1;G2;Gy) sothat f G = (G 1;fG »; TG 3). The x-component of curl (f G) is

curl (fG); = g)st 3) géfG 2)

@l @6 Ol 0c

@y @y @z @z
@G @G @f @f
@ @z 1 ey’ @

= f(curl G)y +[grad f  G)],

=[f(curl G)y+grad f G)];:

Hence thex-coordinates of both vectors agree. Since all other components follow precisely the same
reasoning (just replacey and z with z and x respectively) the result follows. O

The next two identities worth pointing out are the following:

curl(gradf)=0; div(curl F)=0:
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In fact, in higher level mathematics this is e ectively contained in de nition of divergence and curl.
A very nice diagram is the following:

scalar ,grad  vector cul  vector | div scalar
function elds - elds functions

which is (up to renaming some things) called thede Rham complex

5.2 Arc Length

While arc length is a subject that can be discussed in introductory calculus, its generalization to
curves inR" will prove important for this section so we re-iterate its treatment here. Given a curve,
one can naively attempt calculate its arc length by approximating it with successively ner and
ner piecewise linear curves. The non-calculus way of doing this requires suprema and partitions
and involves introducing a notion of recti ability (read as: ability to break into piecewise functions).
This o ers the advantage that it allows us to compute the arc length of many curves which cannot
be described agC?! functions, but will not be useful for our purposes.

Instead, let's use our formidable calculus experience to formulate an expression for arc length.

as n #

P 5 s_ X 5
x oyi= (X2 oyt A+ (Xn Yn)?= xi i)
i=1
Assume we were to approximate our curveC by in nitesimal straight line components, and x a
point x so that the straight line extends to x + d x. The distance between these two points is then

q
jx (x+dx)j=jdxj= dx2+ +dxZ (5.1)

N[

(Xn;Yn)

Figure 39: Left: We can approximate aC! curve by a piecewise linear curve. Right: In the
in nitesimal limit, the length of each piecewise linear segment isj dx|.

We often write ds = jdxj, which we call an element of arc The total arc length will then
be given by integrating ds over the length of the curve. As it stands, this is not a particularly
attractive element to work with, so to facilitate our computations we introduce a parameterization
of our curve. Assume thatC is given by the equationx = g(t), whereg:[a;b! R", so that

dx = gqt)dt= —==;:::; =0 dt
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5.2 Arc Length 5 Vector Fields

which in turn means that we can rewrite (5.1) as

S
_ oo dg 2 dgn ° .
ds=jdxj= o + o+ ot dt:
By integrating from a to b we then have
S
Arclength(C)=  ds=  jgYt)jdt = don “,  , d; Ty
c a a dt dt

This has a particularly appealing physical interpretation: If g(t) describes the position of a particle
with respect to time, then g{t) is its velocity and jgqt)j is its speed. By integrating the speed over
all time, we then get the distance travelled which is precisely the arc length.

Example 5.2

Show that the circumference of a circle with radiusr is precisely 2r .

Solution. This is a result with which we are all familiar, but that familiarity is because we were
told that it is true, and not because we have ever derived the solution ourselves. Our curve in
guestion is the circle of radiusr, which we know admits a very simple parametric descriptions as

(x;y) = 9(t) = (r cost);r sin(t)); 0 t 2:

The velocity is then gqt) = ( r sin(t);r cost)) and the speed is

q
igXt)j = r2sin?(t) + r2co(t) = r

Our arc length formula then gives
Y4 2 Y4 2
Arclength(C) = jigq)jdt = rdt =2 r
0 0

as required.
Notes:

1. Typically, the arc-element ds = jg{t)jdt is exceptionally di cult to integrate, since the square
root of a sum is rarely amenable to standard tricks.

2. The arc-length formula computestotal distance travelled, not necessarily the arc length of the
graph of the curve. For example, in Example 5.2, letting0 t 4 corresponds to traversing
the circle twice. It is easy to see that our arc-length in this caseis4 =2 2r . Thus even
though the graph only shows a single circle, the parameterization travelled the circle twice.

3. Arc length should be independent of parameterization, as entailed by our physical intuition;
that is, our distance travelled shouldn't depend on how quickly | moved. As an example, if
you run a kilometre or crawl a kilometre, the distance you travelled is still just one kilometre!
We prove this in more detail in the following proposition.
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Proposition 5.3

Arc length is invariant under re-parameterization. More precisely, if g: [a;b! R" is aC?

function and : [a;0 ! [c;d] is a re-parameterization ofg(t) (so that g c[e;d ! RM)
then Z Z
d , .
g(@ M dt= jgiyjdt
[c;d] [a;b]

Proof. The proof is immediate, since
d . N .
590 @) =g )i A0

and by Theorem 4.38 we have
Z Z
jgtbjdt = jg¥ (t)ji detD (1)jdt
[a;b] 7 @b

, gt ()i (idt

[c;

z d
@@

5.3 Line Integrals

Scalar functions: The next type of integration we are going to look at is a generalization of our
multivariable integration. Let f : U R" ! R be a continuous function andC U a smooth

curve. We already know how to integratef over U to get the total volume between the graph of

f (x) and the R" plane. What if instead we wanted to know the area which lies between the the
curve C and the graph of f (x)? The answer is theline integral of a scalar function, de ned as

follows: Letg:[a;b! R" be a parameterization ofC, and take

z Z,

Cf ds=  f(g(t)igYnidt:

If we think about this formula, we will see that it gives the desired result. In particular, if f 1
then our formula just returns the formula for arc length. By including the f (g(t)) term, we are
weighting the value of the curve at each point by the value that the curve takes orf (x). Integrating
over all of [a; g then gives the area underf (x) which lies on the curve C.

Example 5.4

R
Compute . le=2 where C is the curve g(t) = ( 2sin(t); 2 cost); 2t?) from [0; 1].
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F(C)

U

Figure 40: Integrating a scalar-valued function overU yields the area under the graph off , but
only along the curve C.

Solution. We begin by settingf (x;y;z) =
so that jgdt)j =2 1+ t2. Furthermore,

1rs=- One can easily computegqt) = (  2sin(t); 2 cost); 2t)

1+z

1

f(g(t)) = f( 2sin(t);2cost); 2t?) = R

so our line integral becomes

V4 Z,
1

———ds= 1+ t2dt
cl+2z? 0 Il t F—‘{lz
; igq)j
(xy:2)
11
0 1+t2

=4 sed( )

0 sec( )

let t =tan( )

= 2In jsec() +tan( )jg *

p 1
=2Iln t+ 1+t20

—inj>2+1j

Alternatively, one could realize that & sinh *(t) = P and that sinh Yty =In( t+ P 1).

Vector Fields: In my experience, line integrals of scalar functions are not particularly interesting
and do not often manifest naturally (either in mathematics or otherwise). However, of far greater
utility is computing line integrals through vector elds. The set up is as follows: Let F : R"! R"
be a vector eld, and C R" be some smooth curve. Parameterize this curve bg : [a;h! R",
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and think of the vector eld acting on the curve at each point tg 2 [a;b]. Our goal is to compute
the \total amount of work" done by the vector eld on the curve.

To put this into a more physical setting, imagine a sh that swims along a curve C, and let
F:R3! RS be avector eld describing the current of the water at each point. As the sh swims
through the water, the current acts on the sh by pushing it in the direction indicated by the vector
eld. We want to compute the amount of work done by vector eld on the sh.

If we are travelling in the direction dx then the force experienced is given by dx. In our
original set up (in R") our line integral is thus

Z 4 4

b
F dx= (Fidxi+ + Fpdxp)= F(g(t)) gYt)dt:
C C a

The change of variable formula will quickly convince you that this formula's magnitude is invariant
under change of parameterization, but notice that it can change sign. In our sh-analogy, imagine
the sh swimming with the current in a river, versus swimming exactly the same path but against
the current of the river. In both cases, the total magnitude of work is the same, but in one instance
the sh had to exert energy to work against the current, and in the other the sh was moved by
the current with no energy required. Hence orientation can change the sign of the line integral.
Furthemore, notice that multiplying and dividing by the speed function jg4t)j and recalling that
the element of arc satis es & = jg{t)j dt we have

o gqt) q Zo £
F(g(t ——jg(t)jdt = F(g(t t)ds
) (9(t)) i9q0;9 )i ) (g(t) T(1)
where T (t) = %}% is the unit speed vector. The component=(g(t)) T (t) is the projection of F in

the direction of T, and is precisely the component of the eldF doing work in the direction of T.

Example 5.5

R
Evaluate the line integral . F dx if C is the curve g(t) = (t;t%t?) for0 t 1, and
F(xy;2) = (xyz;y%2).

Solution. Clearly gqt) = (1 ;2t; 2t) and F(g(t)) = F(t;t2;t%) = (t>;t*:t2) so their dot product yields
F(g(t)) o%t) = (t5t%t?) (L2t 2t) = t5+2t5+2t3 =35+ 2t3

Integrating gives
Z, Z,
F(g(t) oydt= 3t°+2t°
0

1
0
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Example 5.6

R
Evaluate the line integral . F dx if F is the same vector eld in Example 5.5 but C is the
curve
C= (xy;z):x2+y?=1;z=1

Solution. We can parameterizeC via the function g(t;z) = (cos(t);sin(t);1) where 0 t 2 .
One can compute that

F(g(t)) = cost)sin(t);sin’(t);1 ; g¥t)=( sin(t); cost);0);
F(g(t)) g¥t)= cosf)sin?(t) + cos(t)sin’(t)+0 =0

and hence F dx =0.
C

These examples are not typical in that they were actually easily solved. Example 5.5 was simple
because everything was written as polynomials, while Example 5.6 magically became zero before
having to integrate. In general, line integrals will yield exceptionally nasty integrands, necessitating
that we expand our line integral toolbox.

5.4 Green's Theorem

Line integrals can be quite tricky to compute and so we would like to develop tools to facilitate
their computation. Before proceeding, we will have to make a few preliminary de nitions:

_[ De nition 5.7 |

1. A simple closed curveof R" is a simple curve (see De nition 3.16) whose endpoints
coincide.

2. A regular region in R" is a compact subset ofR" which is the closure of its interior.

3. AregularregionS R" has apiecewise smooth boundaryf its boundary @Ss a nite
union of piecewise, simple closed curves.

Example 5.8

1. The circle St is a simple closed curve. Indeed, choost) = (cos(t);sin(t)),0 t 2
to parameterize the circle. It is clearly injective on (0; 2 ), and the endpoints coincide
sinceg(0) = g(2 ).

2. The set [Q 1][f 2gis certainly compact, but is not a regular region. Indeed, its interior
is the set (G 1) whose closure is [O1].

Given a regular regionS  R? with a piecewise smooth boundary@$ we de ne the Stokes'
orientation to be the orientation of the boundary such that the interior of the set is \on the left."

145



5 Vector Fields 5.4 Green's Theorem

Figure 41: A regular region with a piecewise smooth boundary and the Stokes orientation. Notice
that the orientation on the internal boundary is the opposite of the external boundary.

Notice in particular that this will mean that a space with a hole in it will have its external boundary
oriented counter-clockwise, while the interior boundary will be oriented clockwise.

Theorem 5.9: Green's Theorem

If S R?is a regular region with piecewise smooth boundary@ S endowed with the Stokes
orientation, and F : R?! R? is a Cl-vector eld, then

Z 7
F dx= @fF Ok

@S S @7)1 @x%

The full proof requires an argument that every spaceS in the hypothesis admits a decompaosition
into \simple" sets. Rather than harp on this point, we will choose examine how the proof would
ideally work given such a simple set.

Before doing that however, let us take a second to think about what this theorem is saying:
Depending on how we choose to look at it, we can determine what is happening on the interior &
just by looking at something on its boundary @ Sor vice-versa, we can determine something about
what's happening on the boundary of S, just by looking at what's happening on the interior. A
priori, this is quite a surprising result: why should information about the interior and boundary
be in any way related?

On the other hand, an argument can be made that the Fundamental Theorem of Calculus only
cares about information on the boundary (and this will manifest in the proof), or alternatively that
if we know how our vector eld is leaving/entering the set, then we can infer a lot of information
about the interior. Either way, Green's theorem is powerful and deserves some time contemplating.

Proof. Recall from our time doing iterated integrals that it is often convenient to be able to write a
region as being bounded either as a function ok or a function of y. We will say that S is x-simple
if it can be written as

S=fa x b, 1xX) y 2x)g

and y-simple if
S=fc y d 1(y) x 2¥)9:

Assume then that S is both x-simple and y-simple, and consider for now only thex-simple
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_ X=Dhb
X=4alc, Cs
\M
1(x)

Figure 42: An x-simple description of our setS.

description. Label the edges@ S= CR+ Cy + C3+ C4 as illustrated in Figure 42. For this part of
the proof, we are going to compute . F1dx. On the straight line components (corresponding to
x = aand x = b) we have & =0, and hence

z z Z

Fidx = F,dx + F, dx:
C Cy Ca

Notice that 2(x) runs from b to a in the Stokes orientation, so we must introduce a negative
sign to get

z zZ, Z,
Fidx=  Fu(x 1(x))dx Fi(x; 2(x))dx: (5.2)
Cc a a
On the other hand, applying the Fundamental Theorem of Calculus to the following iterated inte-
gral:
2Z o ZvZ 0 @F Z,

. @dA = s 00 @dx = R [Fi(x; 2(x))  Fu(x; 1(x))] dx: (5.3)
Comparing (5.2) and (5.3) yields
z

27
Fidx = @dA:

@s s @y

Proceeding in precisely the same manner but using-simple description of S results in

Z zZZ
Fody = @dA:
s

@ s @x

Naturally, combining these two results tells us that

z Y4
F dx= @k @h dA:

@s s @x @y

More generally, the remainder of the proof hinges upon the ability to decompos§& into subsets
which are both x- and y-simple; namelyS = S;[ [ Sp where the S, have disjoint interior and are
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Figure 43: To prove Green's Theorem on more general regions, we decompose the region into
subregions which are bothx- and y-simple.

xy-simple. We will omit the fact that any regular region with piecewise smooth boundary admits
such a decomposition.

Notice that interior boundaries (those that make up part of the boundary of @ Sbut not of @$
have orientations which \cancel" each other out. By the additivity of line integrals and iterated
integrals, the result then follows. O

,—| Example 5.10 :

Compute the line integral
I h p ,
2y+ 1+x5 dx+ 5x & dy ;

C

when C is the curve x2 + y2 = R2,

Solution. This would be an exceptionally di cult integral to calculate if one was not permitted to
use Green's Theorem; however, it becomes almost trivial after applying Green's Theorem. LeD
be the interior of the radius R-circle, which we know has areaR 2. Green's Theorem gives

| zZ
[ J— 2
2y+ 1+x5 dx+ 5x & dy = @%F @k dA
c | z—3 | —{z—) o @x @y
F1 F> 77
= (5 2)dA
D
=3R%

We did not even have to compute the iterated integral since we know the area ob!

Example 5.11

R
Determine the line integral 5 F dx where F(x;y) = (1;xy) and S is the triangle whose
vertices are (Q0);(1;0) and (1; 1), oriented counter clockwise.

Solution. We can write the triangle as anx-simple set

S=f0 x 1,0 vy xg
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so that by Green's Theorem

Z Y4 Y4
F dx= @ @ dA = ydA
@ s. @x @y s
Z 1Z X
1
= ydydx = —:
0o o0 6

Let's compute the line integral and verify that we get the same result. Parameterize the line
Cibyg(t)=(t;0)for0 t 1, yielding
Z zZ, zZ,
Fodx=  F(at) g(tydt= (10) (1;0)dt=1
C1 0 0

To parameterize C, we usegx(t) =(1;t) for0 t 1 vyielding

z Z, Z,

F dx = (4;t) (0;1)dt = tdt = =:
0 0 2

=

Co

Finally, we parameterize Co and gz(t) =(1 t;1 t)forO t 1 (we choose this oveigs(t) =(t;t)
to keep the correct orientation).

z Z,

F dx= (1;1 t)? ( 1, 1)dt

Cs 0
= 1 @ t2dt= =
N 3
Combining everything together we get
VA Z Z Z

F dx= F odx+ F odx+ F dx=1+} -1
C Cq Co Cs3 2 3 6

exactly as we expected.

5.5 Exact and Closed Vector Fields

Line integrals can have some pretty surprising properties. In fact, it turns out that one can actually
use line integrals to tell you something about the geometry of a surface (though this is a rather
advanced topic for this course). Nonetheless, let's set up the framework for utilizing/understanding
how this works.

5.5.1 Exact Vector Fields
Our rst result is a version of the Fundamental Theorem of Calculus:
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Theorem 5.12: Fundamental Theorem of Calculus for Line Integrals

If C R"is aC?! curve given by a parameterizationg : [a;b! R"andF :R"! R"is a
vector eld such that there exists a C* function f : R" ! R satisfying F = r f then
Z

CF dx=f( (b)) f( (a):
In particular, the integral only depends on the endpoints (a) and (b) of the curve C.

Proof. AssumethatF = r f and let C be some oriented curve with parameterization :[a;b! R".
Straightforward computation then reveals that

z zZ,
F dx= F( () Yt)dt
C a
Zy
= rf( @) qodt by the chain rule
Zabd

) g ( (@)dt
FC M) f( (@)

by the Fundamental Theorem of Calculus. O

In general we know that the choice of curve makes a signi cant di erence to the value of the
line integral, so this theorem tells us that there is a particular class of vector elds on which the
line integral does not seem to care about the path we choose. These vector elds are so important
that we give them a special name.

_[ De nition 5.13 |

Any vector eld F:R"! R" satisfying F = r f for someC-function f : R"! R is called
an exact vector eld. The function f is sometimes referred to as &calar potential.

,—| Example 5.14 }

Determine which of the following vector elds are exact:

1. F(x;y;z) = (yzeYy?; xze?; xye™?),
2. G(x;y;2z) = (2xy;x?+cos(z); ysin(z)),
3. H(xy;z) =(x+y,x+z;y+ 2).

Solution. Our strategy will be to work as follows: If F = r f then we know F; = %X We thus

integrate the 1st component with respect tox, to getf (x;y;z) = f’\(x; y;z2)+ g(y; z), where f'\(x; y;Z)
is what we compute from the integral, andg(y; z) is the \constant” (with respect to x) of integration.
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We can then di erentiate f with respect to y to get

@f _ @ @g
@y @y @y

and compare this toF,. With any luck, we will be able to solve g(y; z) = g(y; z)+ h(z), and perform
a similar technigue to compute h. Of course, at the end of the day we can only evaluaté up to a
constant, but this constant will not a ect the value of the integral.

1. The student can quickly check thatf (x;y;z) = €Y% works.

2. This example requires a bit more work. We integrate the rst term with respect to x to
get f (x;y;z) = x2y + g(y; z) for some function g(y; z). Di erentiating with respect to y and
setting &' = G, we get

@f_ . @4 . : _ :
@y X<+ @y X<+ cos(2); @y cos(2):

We integrate to nd that g(y;z) = ycos() + h(z) for some yet to be determined function
h(z), giving f(x;y;z) = x°y + ycosf) + h(z). Di erentiating with respect to z we get
%fz- y sin(z) which is exactly Gs. Henceh(z) is a constant, which we might as well set to
0, and we conclude thatf (x;y;z) = x2y + y cos().

@g

3. We integrate F1 with respect to x to get f (x;y;z) = %xz + yx + g(y; z). Dierentiating with
respect toy gives g;- X + gs Equating to H- tells us that @gz z, so that f (x;y;z) =
Ix2+ yx+yz+ h(z). Finally, &'=y+ Q= Hz=y+ zsoit must be the case that $0= z,

and we conclude that 1 1
f(xyiz) = Sx2+yx+yz+ S2%

,—| Example 5.15 J'

R
Determine the line integral . F dx where F(x;y;z) = (2 xy; x2+cos(z); ysin(z)) and C
is the curve

C= (xy;z):x>+y?+2°=1;y= z;y O ;
oriented to start at (  1;0;0)

Solution. The curve C lies on the intersection of the unit sphereS? and the planez = y. This
would normally be a full circle, except for the fact that the condition y 0 ensures that we only
pass through one hemisphere. One could parameterize this and try to compute the line integral
by hand, except that the result is truly terrifying. Instead, all one needs to realize is that the
endpoints of this curve are ( 1;0;0). Furthermore, in Example 5.14 we showed thatF = r f where
f(x;y;z) = x%y + ycos@). Consequently, the line integral is just

z

F dx=f(;0,0) f( 1,0;0)=0:
c
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5.5.2 Conservative Vector Fields

We would like to explore whether there are other vector elds for which line integrals only depend
upon endpoints. To this end, we have the following lemma:

Lemma 5.16
If F is a continuous vector eld on an open setU R" then the following are equivalent:

1. If C; and C, are any two oriented curves inU with the same endpoints, then
Z Z

F dx = F dx:
C1 Co

2. If C is a closed curve, then 7

Proof.

(1)) (2) Pick a point a on C and declare that C has both endpoints equal toa. Clearly, these are the
same endpoints as the constant curve af, which we call €, and so by (1) we have

C ¢

where we note that integrating over the constant curve will certainly give a result of zero.

(2)) (1) Let the endpoints of C; be calleda and b. Since C, has the same endpoints, we may de ne
a closed curveC as the one which traverses<C; from a to b, and then traversesC, from b to
a. Now C;, has the opposite orientation of Cy, so applying (2) we get
z z z
0= F dx = F dx F dx;
C Ci Cs

from which the result follows. O

Any vector eld which satis es either of the above (equivalent) conditions is called an conser-
vative vector eld. The name is derived from physics: In a system in which energy is conserved,
only the initial and terminal con gurations of the state determine energy transfer and the system
ignores all other things which happen in between.

The FTC for Line Integrals tells us that exact vector elds are conservative. It turns out that
that this exhausts the list of all conservative vector elds.

Theorem 5.17

If S R" is an open set, then a continuous vector eldF : S! R" is conservative if and
only if there is a C! function f : S! R suchthatF =r f.
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Figure 44

Proof. (( ) This follows from the Fundamental Theorem of Calculus for Line Integrals.

() ) Conversely, assume thatF : R" ! R" is a conservative vector eld. Without loss of
generality, we shall assume thatS is connected (otherwise just do the following for each connected
component). Fix some pointa 2 S, and de ne for eachx 2 S let Cx be a curve froma to x (which
always exists since open connected sets are path-connected) and de ne the function

z

f(x)= F dx:
Cx

This is well de ned since, by assumption, the de nition is invariant of our choice of curve Cx. Now
we claim that r f = F and is C1, and both claims will be obvious if we show that @ = F; for

To see that this is the case, we will show that theith partial of f is preciselyF;. Fix x 2 S
and chooseh = he; su ciently small so that the line Ly., betweenx and x + h remains in S (see
Figure 44). Let Cy+n be Cy followed by Ly.n so that

z z z

f(x+ h)= F dx= F dx+ F dx
Cx+h Z

=f(x)+ F dx:
L
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Parameterize the lineLy., beg(t)= x + te; for 0 t h so that g4t) = ¢ and

F dx= F(X1;:00 X 15X+ 6 X+ %Xn) (0;:::;0;1;0;:::;0)dt
Lx:h 0

Computing 2 we have

Z
@f . f(x+h) fx)_ . 1
@x h BT I
1% |
:mnoH Fi(x1;::0X + 000, xp)dt
= Fi(x) L'Hopital O

5.5.3 Closed Vector Fields

Theorem 5.17 is a very nice condition, but it is fairly intractable to compute all possible line
integrals, and it can often be di cult to ascertain whether you are the gradient of a function.

There is a relatively simple necessarycondition to determine whether a vector eld is conser-
vative. If F = r f then Fj = @f . Since mixed partials commute, we then have

@F = @9 = @@ = @F;

or alternatively

@F @F_,. g
@x @« 0; i 8] (5.4)

Vector elds which satisfy (5.4) are called closed vector elds. However, not all closed vector elds
are exact. Also, notice that if we are working in R® then the components given in (5.4) correspond
to the components of the curl. Hence closed vector elds oR? are irrotational.
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Example 5.18 Consider the vector eld F(x;y) = pj—yz( y; X) de ned on the open set
R?ng (0:0)g- It is easy to see that

@ _ @ x _ y? x?
@x @x2+y2  (x2+y?)?
@F _ @ y _ y> x?

@y_ @y(z_,. y2 - (x2+ yz)z;

soF is a closed vector eld.
On the other hand, let C be any circle, parameterize by ( ) = (rcos();rsin( )). Then
qt) =( rsin( );rcos()) and our line integral becomes:

Z 1 zZ,
F dx= 2 ( rsin( );rcos()) ( rsin( );rcos())d
Cr Zo2
= riz r2sin( )+ r?cos( ) d
0
=2

If F were conservative, this would have to be zero; hencE is an example of a closed vector
eld which is not exact.

So what went wrong with the above example? Essentially, because our vector eldr is not
C1! unless our space has a hole at the origin (@), our vector eld/line integral was able to detect
that hole. In fact, try computing the above line integral around any closed curve which does not
contain the origin, and you will see that the result is zero.

It turns out that closed vector elds are locally exact. In order to describe what we mean, we
must introduce a new de nition:

De nition 5.19 |

AsetU R" is said to bestar-shapedif there exists a point a 2 U such that for every point
x 2 U the straight line connected x to a is contained in U.

Notice that every convex set is star shaped, though the converse need not be true. For example,
Figure 45 gives an example of a star shaped set iR? that is not convex.

Theorem 5.20: Poincae Lemma

If U R" is star-shaped andF is a closed vector eld onU, then F is exact onU.

Proof. Without loss of generality, lets assume thatU is star shaped about the origin. For any
x 2 U let 4(t) = tx be the straight line connecting the origin to x, and de ne the function
z Z,
f(x)= F dx= Fi(tx)xq + + Fn(tx)x, dt:
x 0

Notice that this is well de ned since 4(t) 2 U for all t, and there is a unique straight line connecting
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Figure 45: An example of a star shaped set which is not convex. The poim satis es the required
de nition, while the point b does not.

0 to x. Now we claim that F = r f on U. Inspecting one component at a time, we have

of Z 1")41 Q@F #
= = — L (tx)tx; + Fi(tx) dt
Z n #
1Y ok . .
= ——(tx)tx; + Fy(tx) dt sinceF is closed
0 i @X
= (tFy(t t
g (F) d
= F(x):
Hencer f = F as required. O

5.6 Surface Integrals

Line integrals captured the idea of a vector eld doing work on a particle as it travelled a particular
path. A similar idea is the surface integral, which calculates the amount of ux of a vector eld
passing through a surface.

5.6.1 Surface Area

Just as when we calculated the arc length of a curve, in order to compute surface area we are going
to heuristically examine what an area element might look like. To do this, recall that given two
linearly independent vectorsv;w 2 R3, the area of the parallelogram with vertices Qv;w;v + w is
given by jv  wj (Figure 46). The idea is to use this, but apply it to in nitesimal elements to get
the corresponding area of a surface, so that the in nitesimal area-element is A = jdx  dyj.

If we set dA = jdx dyj, it should not come as a surprise that the surface area of a surfacg
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Area = jv wj

Figure 46: The area of a parallelogram inR? is given by the determinant of the de ning edges.

will be given by just integrating the area element
77
A(S) = dA
s

but just as in the case of arc-length, this is a infeasible equation if we don't have a parameterization
of the surface.

ThusletG:R R?! RS3be aparameterization of a surfaces in R3, and x some (uo; Vo) 2 R?.
Applying in nitesimal translations d u and dv to (ug; vg), we get the corresponding vectors

@G @G
G(u;jv+dv) G(u;v)= —dv; Gu+du;v) G(u;v)= —du:
( ) Guv)= Gy ( ) Guv)= g
These are our two \vectors" with which we will use to compute the area element. Just as in the
R3 case, we will take their cross product to get

_ @G @G .
dA = @u @v dudyv;

and integrating over the whole surface thus gives us our surface area

27
_ @G @G _

If we use coordinates, this expression will even look a little like our arc-length formula. Set(y;z) =
G(u; V) so that &€= (xy;yu;zy) and &8= (xy;yv;2z,). Notice that

0 1
€L €2 e3
@G @G
@ v det@x, vy, zA
Xv Yv Zy

jS(YUZv ZuYv: ZuXy  XuZy; XuYv  YuXv)]

@i2) ?, @zx) 2, @y’
@u; V) @u; V) @u; V)
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This works if we have a parameterization of our surface, but what if we are giverS as the
graph of a Cl-function? Recall that if z = f(x;y) then we can write this parametrically as
G(u;Vv) = (u;v;f (u;v)) in which case

S

2 2
@ @c_ ,, @i’ ef’

@u @v @x @y

Example 5.21 |

Find the surface area of surface de ned byx? + y? + z = 25, lying above the xy-plane.

20

10

Solution. We can write our surface as the graph of the functionz =25 x? y?, so that

@x @y
, P — . . . .
and the surface element is & = 1+4x2+4y2. The easiest way to integrate this is going to
be through polar coordinates. Notice that in this case we havez = 25 r2, and sincez > 0 this
impliesthat 0 r 5,and 0 2 . Thus our integral becomes
VA

1+4x2+4y2dxdy
S
Z, 25 p
= r 1+4r2drd
0, 0
Z 101y

udu u=1+4r?

A(S)

4
101

— 3=2 — 3=2

= _ = (10132 1

e . T & )

5.6.2 Surface Integrals over Vector Fields

As with line integrals, surface integrals are going to depend on a choice of orientation, so what does
it mean to orient a surface? Anorientation of a surfaceS is a consistent (read: continuous) choice
of normal vector to the surface. One can think of this as saying \I wish to everywhere de ne what

it means to be right-handed," and an orientation does that.
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Of particular use is that if S is parameterizedG(u;v), then %ﬁ %\fnotonly encodes information
about the in nitesimal area, but is already a normal vector! Thus a parameterization determines
an orientation of the surface and we often write %ﬁ %ffz i dA, where i is a unit normal vector
to the surface. In particular, we can reverse the orientation simply by interchanging the roles ol
and v! If S bounds a 3-manifold, we will say that it has Stokes’ orientation if the normal vector of

S points outwards with respect to the space it bounds.

It is worth mentioning at this point that not all surfaces are orientable. The simplest example
of a non-orientable surface is a Mebius strip, formed by twisting a rectangle and gluing to ends
together. The student can convince him/herself that if we start with a normal vector and traverse
a circle around the Mebius band, our normal vector will have ipped when we arrive back at our
original starting point. Hence one can nd the surface area of non-orientable manifolds, but surface
integrals will not make sense.

Figure 47: The Mobius Band is a non-orientable surface.

The idea of a surface integral is thus the following: Given a vector eldF : R®! RS2 and a
surface S, we want to compute the ux of the vector eld through the surface. E ectively, if we
again think of a vector eld as representing forces or the ow of a uid, the ux represents the
amount of force/ uid passing through S. The vector eld travelling in the direction # is given by
F i and so the surface integral is given by integrating each of these components:

zZ

F n dA:
s
Notice that F 1 is precisely the vector eld projected onto the normal of the surface, and so at
the surface represents the vector eld passing through the surface. Of course, this is not easily
computed without a parameterization. If G: R R?! S R®is such a parameterization, our
ux becomes 77 77
@G @G

F i dA= RF(G(u;v)) @u @v dudv:

S

Example 5.22 J

Evaluate the ux of F(x;y;z) = ( X%+ y;y?z; x?y) through the surface S =[0;1] [0;1] f Og,
oriented pointing in the positive z-direction.

Solution. It is easy to parameterize this surface as

G(s;t)=(s;t;0); 0 s 1,0 t 1,
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from which we get
j k

@G Q@G 00
10

@s @t
=(0;0;2):

or —

This is oriented in the correct direction, so we proceed with the surface integral to get
zz Z.Z,
F fdA
s

(s® + t;t%;s°t%) (0;0; 1)dsdt
0

0
lzl

Z

s?t?dsdt = }:
) 9

Sometimes it is necessary to break our surfaces into several pieces in order to determine the
integral, as the next example demonstrates.

,—| Example 5.23 }

RR
Evaluate (F N dA whereF(x;y;z)=(0;y; 2z)and S is the surface de ned by

S= y=x?+22:0 y 1 x*+2z> 1:y=1 ;

endowed with the Stokes orientation.

Solution. This space looks like the paraboloid, capped by the unit disk. Rather than trying to
handle both parts of S at the same time, we break it into the paraboloid S; and the disk D
separately.

We can parameterize the paraboloid as X;y;z) = (r cos();r?;r sin( )) with 0 r 1 and
0 2 . Then

@G . @G .
—— = (cos( ); 2r; sin . — = rsin( );0;r cos()):
ar (cos( ) () @ ( () )
The cross product is then easily computed and we get
@G @G

@t _ 2 C o2 i .
@ @ 2recos(); r2resin()
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Hence
@G @G 2 . 2 5 .
F(G(r; — — =(0;r% rsin 2recos(); r; 2r<sin
(G(r; ) @ @ ( () ( () ()
= r3 1+2sin?() :
Integrating thus gives us
7 Z, z,
F ndA= r3dr 1+2sin?()d d
S 0 0

Now the tricky part of doing the cap is making sure that we choose a parameterization of the
cap which gives the Stokes orientation (that is, always points in the positivey-direction). The
student can verify that

G(r; Y=(rcos();Lrsin()); 0 r 10 2
satis es @G @G
@r @=(O; r; 0);

so that this is actually oriented the wrong way! This is ne, and we can continue to work with
this parameterization, so long as we remember to re-introduce a negative sign at the end of our
computation. Now

zZ 2,72,

F n dA = rdrd =
D 0 0

so properly orienting gives the result . Adding both factors we get +( ) =0, so we conclude
that the ux is O.

5.7 The Divergence Theorem

The Divergence Theorem (or Gauss' Theorem) is the analog of Green's theorem for surface integrals.

Theorem 5.24: Divergence Theorem

Let R RS be a regular region with piecewise smooth boundary@R If F : R®! R3is a
C? vector eld and @Ris positively oriented with respect to R then
zZZ 227

F n dA = div FdV:
@R R

Proof. As with Green's Theorem, we will only provide a very simpli ed proof which nonetheless
captures the idea of the Divergence Theorem.

Assume that R is an xy-simple set, so that we can write it as

R=1f(x;y)2W, 1(x5y) z 2(xy)g
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where W 2 R? is some regular region. Breaking the statement of the Divergence Theorem into its
vector components, our aim is to show that

zz 2727
@k

Fs & n dA = — dVv
@R R @x%

where €3 = (0;0;1) is the standard unit normal in the positive z-direction. Note that &5 =0
along the vertical line segments occurring along the boundary oW, while &5 is consistent with the
orientation of the top surface (x;y; 2(x;y)) and is the opposite orientation of the bottom surface

(x;y; 1(x;y)). Thus,

27 27
Fses n dA = [Fa(x;y; 2(xy))  Fa(xiy; 1(x;y))] dxdy
@R z72" z
2(x;y) @K
= ——(x;y;z)dz
= @ dV
R @x%
which is exactly what we wanted to show. O

,—| Example 5.25 }

RR
Evaluate (F n dA where F(x;y;z) = (y?z;y%;xz) and S is the boundary of the cube
de ned by
c=f1 x 1, 1 y 1,0 z 2g;

oriented so that the normal points outwards.

Solution. This would normally be a rather tedious exercise: The reason is that the vector eld
provides no obvious symmetry, requiring that we compute the surface integral through each of
the six faces of the separately and then add them all up (try it yourself!). With the Divergence
Theorem however, this becomes much more simple. It is not too hard to see that the cube is a
regular region andF is a C* vector eld, hence the Divergence Theorem applies and

7 2727
F n dA= divF dA
S 212122
= 3y?+ x dzdydx
le 1 0
=2 Yyl
Z,

=4 [1+ x]dx =8:
1
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,—| Example 5.26 }

Determine the ux of
F(x;y;z) = ( xz sin(yz) + x3;cosyz);3zy?> &°*Y"):;
through the capped paraboloid

S= x2+y?+z=4 [ x*+y?> 4z=0

Solution. This is an almost impossible exercise to approach from the de nition, so instead we use
the Divergence Theorem. One can easily compute that

divF = zsin(yz) +3x3 +( zsin(yz))+ (8 y?) =3x%+3y?:

Hence ifV is the lled paraboloid so that @V= S then our surface integral becomes
27 2727
F AdA= (3x2 + 3y?)dV:
S \Y

To determine this integral, notice that we can write

7727 ZZ Z , ,2 y2
(3x2 +3y?)dV = (3x2 +3y?)dzdA
\% D O

whereD is the unit disk. Changing to polar coordinates (or cylindrical if we skip the previous step)
gives

3r3dzd dr =6 r3@4 r?drd
0 0 0 0
64
=6 16 — =32:
6

5.8 Stokes' Theorem

Stokes' Theorem, in another form, is the ultimate theorem from which Green's Theorem and the
Divergence Theorem are derivative; albeit we will not likely see this form in this class. Hence we
present to you, the \baby Stokes™ theorem. The idea of Stokes theorem is that we take a step
back, and examine how one computes line integrals iR in general.

Unsurprisingly, the theorem says something about looking at the boundary of a set. Since we
know that such integrations are dependent upon orientation, we need to de ne our nal notion of
positive/Stokes' orientation. Let S be a smooth surface inrR? with piecewise smooth boundary@S
We say that @ Sis positively oriented or endowed with the Stokes’ orientationwith respect to S if,
whenevert is the tangent vector of a parameterization of @Sand n is the orientation of S, then
n t points into S. More informally, if we walk around @ $ our body aligned with n, then S will
be to the left.
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Theorem 5.27: Stokes' Theorem

Let S be a smooth surface with piecewise smooth boundar@ $ endowed with the Stokes'
orientation. If F:R3! R3is aC!- vector eld in a neighbourhood of S, then
Z ZZ

F dx= (curl F) A dA:
@S S

Proof. First note that if S is just a region in the xy-plane, thenft = (0;0;1) and so

@F @k
culF) h= — —
( ) @x @x
and hence Green's Theorem gives
z zZZ
_ @F @k :
F dx = — — dA:
@s s @x @x%

Thus we see that Stokes' theorem in thexy-plane is just Green's theorem.

Now assume thatS is a surface which does not live in one of the coordinate planes and let
G : W ! S be a parameterization ofS, where the regionW lives in the uv-plane. Furthermore,
assume thatG preserves boundaries and gives an orientation which coincides with the orientation
of S (if G(u;v) gives the opposite orientation, just switch the roles ofu and v).

The idea is that since the boundaries are preserved unde and since Stokes' theorem is just
Green's theorem, we will \pullback” the calculation to the uv-plane and apply Green's Theorem.
As always, we shall do this component by component; in particular, we shall just look at theF;
component. In e ect, take F = ( F1;0;0) so that this amounts to showing

z zZ
@F, Q@f
Fidxq = 0,=—; —— n dA:
@s t s @% @x
Applying our parameterization, the right-hand side becomes
zZZ zZZ
s  @% @x% S @%@ @u @v
@k @z;x) @E@%Y) 4y

w @x@uyv) @x@u;v)

On the other hand, using the Chain rule and Green's Theorem, the left-hand-side yields
Z 7

@x @x @ _ @x @ _ @x
Fi. —du+ —dv = — F1— — F1— dudv
ew @U@ ~ __y @u '@v @v 'eu
_ @k @z;x) @E@XY) . 4.
w @x@u;v) @x@u;v) '
which is exactly what we had above, giving the desired equality. O
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,—| Example 5.28 }

Let C be the curve given by the intersection ofz = x and x2 + y2 = 1, oriented counter
clockwise when examined from (§0; 1), with S such that @S= C. Let F(x;y;z) = ( X; Z; 2y).
Compute both | 77

F dx; (curl F) A dA:
C s

Solution. We can parameterizeC as
()= (cos( );sin( );cos()); 0 2

so that
F dr= (cos();cos();2sin()) ( sin( );cos(); sin( ))d

= cos()sin( )+cos?( ) 2sir’( )d

=0+ 2 = 2:

On the other hand, the curl of F is easily computed to be

0 1
e ey e3

curlF =det @@ @ @A =(1;0;0):
X z 2

We can parameterize our surface is almost exactly the same way as the curve (though now we let
our radius vary) as

g(r; )=(rcos();rsin( );rcos()); 0O r 10 2:

Hence

@g_ inf 1+ . @g_ Ly e
ar (cos( );sin( );cos()); @ rsin( );rcos(); rsin( 0)

giving an area element of

@g @g
— == rro; r):
@r @ )
Integrating gives
Z,Z7ZP; Z,Z7Z%;
(3;6,0) ( ;O;r)drd = rdrd
0o 0 0o 0
p_
=2 }rz
2 r=0
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,—| Example 5.29 }

LetS= (x;y;z):x?°+y?+2z2=1;z 0 . If @9Ys oriented counter clockwise when viewed
from (0;0; 1), and

[EEN

P
Fy;z)= xy+xes = 23+3x2+y%z ; 1+x2+zy ;

6
|

compute F dx.
C

Solution. It is clear that @ Ss just the unit circle in the xy-plane, and so we can parameterize it as
g(t) = (cos(t);sin(t)) for t 2 [0;2 ]; however, it makes this integral almost impossible to compute
directly. Our goal is thus to use Stokes theorem, so we compute the curl to be

@ @ @F @k @F @Ff
@y @z @z @x @x @y |

492: g;xez Xi;x2
2 1+x2+zy 3 1+ x2+ zy

r F=

Unfortunately, the unit normal on S is constantly changing and the integral is still rather horri c.
However, one of the beautiful things about Stokes theorem is that it tells us is that the line integral
over C can be computed in terms of an integral overS, but it does not say which S that has to be.
In particular, if there is a more convenient S to choose, we should take it!

We notice then that C is just the boundary of the unit disk S°= (x;y;0):x?+y2=1 ,
and the corresponding orientation on S which yields the counterclockwise orientation onC is
fh =(0;0;1). Hence our integral simply becomes

I ZZ

ZZ
F dx = (curl F) AdS = x2dS
c S0 S0
This integral is much easier done. Converting to polar coordinates, we get
z zZ, Z,
x2dS = r3dr sin’( )d = —
S0 0 0 4

5.9 Tensor Products
5.9.1 The De nition

We know that, given two vectors in the same space, there isn't a very meaningful way of multi-
plying them together to get a vector back. Sure, one can perform pointwise multiplication on the
components, but the object that is returned is not useful for studying vector spaces. Furthermore,
what happens if we want to multiply two vectors which are from di erent vector spaces?

We are faced with the following challenge: Given twoR vector spacesV and W, is there a
meaningful way to “multiply' them together? What is meaningful? Our motivation is the following
two examples:
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1. To devise a method for describing product states. This is especially useful in statistic and
guantum mechanics, as will be described later.

2. To approximate or describe multilinear objects via linear objects, in the most e cient way
possible. This is the reason of greatest interest to mathematicians, and will be our principal
motivation.

Again, the important property here is the idea of multilinearity, which we de ne below:

De nition 5.30 |
Let Vp;:::;V, and W be vector spaces and : V; Va ! W be amap. We say thatT

other components are held constant.

Remark 5.31 Consider the mapf : R R ! R given by f(x;y) = xy. This map is
multilinear since

f (X1 + X21y) = (X1 + X2)y = Xpy + X2y = f (x1;y) + f(X2;y);

and similarly f (x;y1 + y2) = f(x;y1) + f(X;y2). However, f is not a linear map of vector
spaces, since

f Xy +(X2;y2) = f(X1+ X2;y1+ Y2)

(X1 + X2)(y1+ Y2) = X1y1 + X1y2 + YiXo + YoXo
=[f (X y1) + F (X2 y2)] + [f (X y2) + F(X23y1)]:

N

There are lots of interesting multilinear maps that appear in linear algebra, but the failure of
their linearity means they cannot be properly studied within the realm of linear algebra (where
only linear maps are permitted). For example, the determinant map is multilinear: If dmV = n
then det : |\/ (7 I' R is a multilinear map. The student can check that the following are also

n-times
multilinear (but not linear) maps:

The cross product :R® R3! RZis also a multilinear map,

The dot product h; i : R" R"! R,

The properties that we would like our product to satisfy should be natural, in the sense that it
should perform very much like a product, and in particular if we temporarily write the product of
v2V andw?2 W as (v;w), then it should satisfy

1. (vi;w) + (v2; W) = (Ve + Vo, W),

2. (viwg) + (viwo) = (v;wr + Wo),
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3. ¢c(v;w)=(cv;w)=(v;cw);c2 R:

In order to ensure that these things happen, we will e ectively force them to happen.

De nition 5.32 |

Given a setS, we de ne the free vector space onS to be a vector spaceF (S) such that S is
a basis forF (S).

It turns out that free vector spaces are unique, up to an invertible linear map (an isomorphism),
and this is easily determined since vector spaces are uniquely de ned by the cardinal of their
dimension.

Example 5.33 S = fvy;vp;vag then F(S) is the (real) vector space with S as a basis.
In particular, the elements of S are linearly independent and spanF (S), so every vector
v 2 F(S) can be written uniquely as

V = C1V1 + CpVo + C3V3

for someg 2 R. If g 2 R3 is the standard basis vectors forR3, then T : F(S) ! R3 given
by T(v;) = & is an invertible linear map, so that F(S) = RS,

To ensure that our desired properties happen, we will construct a vector space with these
properties. Consider the space=(V W), which is the free vector space whose basis is given by
all the elements ofV ~ W. Note that this is a very large vector space: if one oV and W is not
the trivial vector space, then F(V W) is an in nite dimensional vector space.

Next, we will consider the subspaces F(V W) generated by the following elements:

(vi;w) + (vo;w) (V1 + vo;w); (viwg) +(v;wp)  (v;wg + wo);

c(viw)  (cviw); c(v;w)  (v;cw):

We de ne the tensor product of V and W, denotedV W, tobe F(V W)=S.
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Proposition 5.34

If V; W are real vector spaces and dinv = n, dimW = m then the following facts hold true
in the vector spaceV  W:

1. Properties (1)-(3) all hold,

2.V W is a nite dimensional vector space with dim(V W) = mn,

fvi w:i2fl::0ng;j 2f1;:::;,mgg
is a basis forV W.
4. If f 1 \Vp V! W is a multilinear map, then there exists a uniquelinear map
F:Vv Vn ! W such that F(vy Vp) = f(vy;iii;vn).

This proposition is fairly involved, so we will omit its proof. However, note that property (4)
in particular tells us that we can use the tensor product to turn multilinear maps into linear maps
over a di erent vector space, and hence study those maps using the tools of linear algebra. In fact,
the correspondence in (4) is bijective, so we will sometimes not distinguish betwee and F

Dual Spaces: If V is a vector space, we de ne its dual vector space, denoted as
V =ff:V! R:f islinearg:

The student can check that this is a vector space, and if dinVV = n then dimV = n. Furthermore,
there is a canonical isomorphism :V ! (V) denedby (v)f =f(v).

Let feg be a basis forV. We de ne the dual basisff;g of V to be the basis which satis es
the condition (

1 i=j
fi(g) = :
@)= 5 e j

Now if f : VK I R is a multilinear map, then the corresponding linear function on the tensor
product space (which we will also denote byf , is a linear mapf :V k! R;thatis, f 2 (V X) =

(V) X. Sinceffigis a basis forV , ff;, fi, g is a basis for ) X and hence we can write
X

f = Cil;:::;ikfil fik:

about multi-indices. If | = (iq;:::;ik) we will denote by f| = f;, fi,, and we can rewrite
the above as X
f = C f|
[

We can go one step further, and say that iff : V1! Wjiandg:V,! W, are both linear maps,
there is an induced mapf g:Vi Vo! W; W, given by

(f o)(vi wv2)=f(v1) g(v2):
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If ffigand fh;g are dual bases foV; and V, respectively, and we writef and g in terms of their
dual bases X X

f = Gfi; g= dj hj
, , . _P
then their productis f j = cdifi hy.

Exercise:

1. Check that (V )X = (VX) and (V) X= (Vv ¥).

2. Let Hom(V;W) = ff .V ! W;f is linearg. Show that Hom(V;W)=V W.

5.9.2 (Anti-)Symmetric Maps

So tensor products give us a means of studying multilinear maps using linear tools, so long as we
are willing to modify our vector space. There are two very important types of multilinear maps in
which one is typically interested: Letf :V V ! W be a multilinear map.

1. We say that f is symmetric if for any i <j we have
2. We say that f is anti-symmetric if for any i <j we have

Symmetric tensors often arise in the study of inner products or hermitian products, since those
maps are symmetric multilinear. However, this is not the goal of our discussion, so we will not
spend much time thinking symmetric maps. Instead, we will be more interested in anti-symmetric
maps.

Proposition 5.35
Let V and W be a nite dimensional vector space with dimV = n.

1. Ifk nandf :VK! W is an anti-symmetric map, then if fvy;:::;vg is linearly
dependent, necessarily

2. If k> n then there are no anti-symmetric mapsf : VX! W.

This proposition is not too di cult and its proof is left as an exercise for the student. It can
be shown that the collection of k-multilinear alternating maps is a vector subspace of the space of
k-multilinear maps, and as such we will denote this set by (V). To determine the dimension of
this subspace, we need to introduce a basis:
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Let V be a vector space with basid eg and let ff;g be a dual basis forvV . If | =(iq;:::;ik)
is a multi-index, denethemap f' :V K1 R by
1
fi(vy) fa(v2) f1(wk)

fa(ve) fa(v2) fa(vidg

fv) feve)  fe(wo)

Proposition 5.36

If V is an n-dimensional vector space with dual basidf;g for V , the set

is a basis ¥(V). Consequently, dim (V) =

We de ne the wedge productas the following map on thef' de ned above
flagd=fn,
and extend linearly.
Proposition 5.37
The wedge product satis es the following properties:
1. Anti-symmetry:  Ifv2 K)andw2 (V)thenv~Aw2 K (V)and

vAiw=( DKwA v

2. Linearity:  (cvi+ vo)*w = c(v1 " W)+ (Vv2”" w)
3. Associativity (u*v)*w=u” (v w),

4. If | =(iq;:::5ik) then f! = flan A fik,

5.9.3 Dierential Forms

Okay, that is enough about tensors in general. It is now time to look at di erential forms and how
they are de ned. Let S be an-manifold, and for eachp 2 S let V,, be the tangent space atp.

Choose a basid v};:::;vhg be a basis for this tangent spage, and dx?;:::;dxRg be a basis of its
dual spaceV,, . A dierential k-form is a C! function S'! n2s I‘(Vlo); that is, a function which

assigns to every pointp 2 S an element of the dual space of the tangent space gi. The collection
of di erential k-forms on S is denoted K(S).

Let us consider the case whers is a 3-manifold.

The 0-forms onS are just the C-functions S! R.
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The 1-forms are functions which lookp 7! f (p)dx; + g(p)dx5 + h(p)dx3. We will often drop
the p dependence and just writefdx 1 + gdx, + hdxs.

The 2 forms look like fdx 1 A dx» + gdx; N dx3 + hdx, ™ dxs.

The 3 forms look like fdx 1 A dxo ~ dxs.

Exterior Derivative: The exterior derivative isamapd: K(S)! k+*1(S) de ned as follows:
If f :S! R is a function, then
X of
d = @@ka
k=1 K

is the usual di erential of f. If I = fdx 1 + gdx, + hdxs is a 1-form, then we de ne

d!

o ~ dxq+ dg” dxp + dh”™ dxs:

P P
In general, if! = | f;dx, is a dierential k-form, thend! = | o~ dx,.

Relation to Vector Fields: In R® there are ways to realize di erential forms as vector elds.

In the case of 0-forms, there is nothing to do.
Identify the 1-form ! = Fidx + Fody + F3dz with the vector eld F = (F1;Fy; F3).
Identify the 2-form ! = Fidy” dz+ Fodx” dz+ Fzdx” dy with the vector eld F = (Fy; F2; F3).

Identify the 3-form ! = fdx ~ dy” dz with the function f : S! R.

These identi cations allow us to realize the exterior derivative as our vector derivatives gradient,
curl, and divergence. Indeed, iff : S! R is a O-form/function, then

d = @fdx+ @fd @fdz @f @f @f

y+ —, = =rf
@x @y @z @x @y @z
If ' = Fidx + F2dy+ Fsdz F:(F]_;FZ;F3) then
dl = dF{ " dx + ng"dy+ dF3 " dz
_ @ @k @fF ., @F @k @, L
= @de+ @ydy+ @Zdz dx + @de+ @ydy+ @Zdz dy
@k @R @, .
@de+ @ydy+ @Zdz dz
_ @& @& ., @k Q@F A @k @k .
= @y @z dy” dz+ @x @z dx ™ dz + @x @y dx ™ dy

@ @5 @5 @f @F @& __ ..
@y @7 @x @Z @x @y '
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Finally, if ! = Fidy”™ dz+ Fodx”™ dy+ Fzdx”™ dz F =(Fy;F2;F3) then

d' =dFiMdy”rdz+ dF N dx”™ dz+ dF3 ™ dx” dz

= @@de+ @@E/dy+ @@Ezdz N dy” dz+ %Edw %@dw %Ezdz " dx” dz
%de+ %@dy+ %idz A dx M dy
@@E+ %§+ @g‘;’z dx” dy” dz
%’i+ %@J’ %’i:div F

Interestingly, one can show thatd d = 0 regardless of the dimension of the manifold and the
forms to which it is being applied.

Pullbacks: LetF :S! T be afunction between manifolds, and leff dx1;:::; dxng be di erential
forms on T. One can de ne the pullback of a di erential form on T to be the di erential form on
S given by

F (fdx1 ™~ ™ dxp)=(f F)d(xa F)» 2~ d(xn F)

where x; F = F; is the ith component of the function F. For example, letS = [0;1] [0;2 ]
and T = D3 whereDj is the unit disk. Denethemap F :S! T by F(r; )= (rcos();rsin()).
The pullback of the form dx ” dy is then given by

F (f(xy)dx” dy)

dix; F)~d(x F)= dFy” dF,

f(F(r; ))(cos( )dr rsin( )d )~ (sin( )dr + rcos()d )
=f(F(r; )) rsin’()d ~dr+rcod()dr~d

= f(F(r; ))r(sin?( )+cos?( ))dr~ d

=f(F(r; ))rdr~d:

In fact, if we think carefully about how di erential forms are de ned, thenif F : S! Tis a
di eomorphism with fxz;:::;xng the coordinates ofS and fyq;:::; Vng, then

Q@F
@x

E ectively, this allows us to write the Change of Variable Theorem as follows:

F (fdy:» ~ dyn)=(f F)det dxg A A odxp:

Theorem 5.38: Change of Variables

If F:S! T isa dieomorphism betweenS and T, then
A Z

F()= I
S T

Note however that this version of the Change of Variables Theorem does keep track of orienta-
tion, so it is not quite identical to Theorem 4.38.
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Stokes' Theorem: The power of dierential forms is that it allows us to generalize Stokes'
theorem to higher dimensions, and to see in fact that Green's Theorem, the Divergence Theorem,
and Baby Stokes' Theorem, are all equivalent. As with all the aforementioned cases, one needs to
talk about some suitable notion of the orientation of the boundary with respect to the thing which

it bounds. As a general rule, we orient the boundary in a manner that points inwards.

Theorem 5.39: Stokes' Theorem

Let M be ann-dimensional C* manifold with boundary @M oriented in a compatible way.
If! 2 ”(M)then 7 7

5.9.4 Closed and Exact Forms

Our notions of closed and exact conservative vector elds now extends to the context of di erential
forms.

. [ De nition 540 )

Let ! be ann-form in@ RX,

1. We say that! is exact if there exists an (h  1)-form suchthatd =!. We denote
the exact k-forms on S as BK(S).

2. We say that! is closedif d! = 0. We denote the closedk-forms on S as ZK(S).

2The B stands for boundary, since there is a sense in whichd is the boundary of . The Z stands for
Zyklen, which is the German word for cycle.

It was mentioned before thatd d = 0. This means that all exact forms are closed, since if
I =d thend! = d(d) = 0. In particular, this means that BX(S)  ZK(S). In general, the
converse is not true. For example, the one form

X y 12
x2+y2dx x2+y2dy2 (R nf0g)

is closed but not exact. As in the case of conservative vector elds, the problem is somehow captured
by the presence of the hole at the origin. If our space does not have holes, then all closed vector
elds will be exact, as exempli ed by the following generalized version of Poincae's Lemma:

Theorem 5.41: Poincae's Lemma

If S R"is a star shaped set and 2 K(S) is an closedk-form, then ! is exact.

Finally, one can precisely measure the failure of closed forms from being exact, by computing
the de Rham cohomologyof a space. LetS be a smoothk-manifold, and recognize that we have
the following \chain" of vector spaces

o4 0(S) _dy 1(s) d 7 djk 1(s) _d g k(s) 4 /g

174






	The Topology of Rn
	Sets and notation
	Basic Set Theory
	Operations on Sets
	Functions Between Sets

	Structures on Rn
	The Vector Space Structure
	Of Lengths and Such
	Cross product

	Open, Closed, and Everything in Between
	Sequences and Completeness
	Sequences in R
	Sequences in Rm
	Completeness

	Continuity
	Compactness
	Connectedness
	Uniform Continuity

	Differential Calculus
	Derivatives
	Single Variable: RR
	Vector Valued: RRn
	Multivariable Rn R
	Functions Rn Rm

	The Chain Rule
	The Mean Value Theorem
	Higher Order Partials
	Second-Order Partial Derivatives
	The Chain Rule
	Higher-Order Partials
	Multi-indices

	Taylor Series
	A Quick Review
	Multivariate Taylor Series
	The Hessian Matrix

	Optimization
	Critical Points
	Constrained Optimization


	Local Invertibility
	Implicit Function Theorem
	Scalar Valued Functions
	The General Case
	The Inverse Function Theorem

	Curves, Surfaces, and Manifolds
	Curves in R2
	Surfaces in R3
	Dimension k-manifolds in Rn


	Integration
	Integration on R
	Riemann Sums
	Properties of the Integral
	Sufficient Conditions for Integrability

	Integration in Rn
	Integration in the Plane
	Integration Beyond 2-dimensions

	Iterated Integrals
	Change of Variables
	Coordinates
	Integration


	Vector Fields
	Vector Derivatives
	Arc Length
	Line Integrals
	Green's Theorem
	Exact and Closed Vector Fields
	Exact Vector Fields
	Conservative Vector Fields
	Closed Vector Fields

	Surface Integrals
	Surface Area
	Surface Integrals over Vector Fields

	The Divergence Theorem
	Stokes' Theorem
	Tensor Products
	The Definition
	(Anti-)Symmetric Maps
	Differential Forms
	Closed and Exact Forms



